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iiiBayesian Methods for Adaptive ModelsThesis by David John Cameron MacKayIn Partial Ful�llment of the Requirementsfor the Degree of Doctor of PhilosophyCalifornia Institute of TechnologyPasadena, California1992(Submitted December 10, 1991)Advisor: Prof. J.J. Hop�eldAbstractThe Bayesian framework for model comparison and regularisation is demonstrated by study-ing interpolation and classi�cation problems modelled with both linear and non{linear mod-els. This framework quantitatively embodies `Occam's razor'. Over{complex and under{regularised models are automatically inferred to be less probable, even though their 
exi-bility allows them to �t the data better.When applied to `neural networks', the Bayesian framework makes possible (1) objectivecomparison of solutions using alternative network architectures; (2) objective stopping rulesfor network pruning or growing procedures; (3) objective choice of type of weight decayterms (or regularisers); (4) on{line techniques for optimising weight decay (or regularisationconstant) magnitude; (5) a measure of the e�ective number of well{determined parametersin a model; (6) quanti�ed estimates of the error bars on network parameters and on networkoutput. In the case of classi�cation models, it is shown that the careful incorporation oferror bar information into a classi�er's predictions yields improved performance.Comparisons of the inferences of the Bayesian framework with more traditional cross{validation methods help detect poor underlying assumptions in learning models.The relationship of the Bayesian learning framework to `active learning' is examined.Objective functions are discussed which measure the expected informativeness of candidatedata measurements, in the context of both interpolation and classi�cation problems.The concepts and methods described in this thesis are quite general and will be appli-cable to other data modelling problems whether they involve regression, classi�cation ordensity estimation.
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1Chapter 1Summary1.1 The need for Occam's razorThere are countless problems in science, statistics and technology which require that, givena limited data set, preferences be assigned to alternative models of di�ering complexities.For example, two alternative hypotheses accounting for planetary motion are the geocen-tric `epicyclic' model, and the simpler Copernican model of the solar system. In the lesstheologically contentious but similar problem of �tting a curve to data, alternative mod-els assign di�erent functional forms to the curve, for example `a linear function with twofree parameters', `a quadratic with three', or `a cubic function with four parameters'. Itwould be nice if we could just rank the models by how well they `�t' the data, but it isa familiar di�culty that a more complex model typically �ts the data better: when we �ta curve to data, a quadratic curve with three parameters can always �t the data betterthan a linear model with two parameters, and a polynomial with a hundred terms �ts thedata even better; preferring the `best �t' model leads us to choose implausibly detailed andover{parameterised models, which interpolate and generalise poorly. `Occam's razor' is theprinciple that states that unnecessarily complex models should not be preferred to simplerones. How can we quantify this intuitive principle so as to make it an objective part of ourmodelling method?Bayesian probability theory provides a framework for inductive inference which hasbeen called `common sense reduced to calculation'; it is a poorly known fact that Bayesianmethods actually embody Occam's razor automatically and quantitatively [26, 38]. Bayesianmodel comparison is the central theme of this thesis. In particular, the power of the BayesianOccam's razor is demonstrated on `neural networks'. Neural networks are novel modellingtools capable of `learning from examples'. These currently popular models are notorious fortheir lack of an objective grounding; the main goal of this thesis is to provide an objectiveand practical framework for the use of neural network techniques by applying the methods ofBayesian model comparison. In the process several enhancements to current neural networkmethods arise.1.2 What is Bayesian modelling?Bayesian methods for inductive inference were �rst developed in detail early this centuryby the Cambridge geophysicist, Sir Harold Je�reys [38]. At that time, Je�reys' ideas wereopposed by Fisher and others, and since then a debate has persisted between the `orthodox'view of statistics and the minority Bayesian camp. I will not dwell here on the details of



2 BAYESIAN METHODS FOR ADAPTIVE MODELSGatherDATA CreatealternativeMODELS��@@Fit each MODELto the DATA��@@Assign preferences to thealternative MODELSChoose whatdata togather nextGathermore data Decide whetherto create newmodelsCreate newmodelsChoose futureactions6� - 6��@@@R���	 ?Figure 1.1: Abstraction of the data modelling process.The two central boxes are the inference steps, where Bayesian methods can be applied.the philosophical argument, which goes deep down to the meaning of a probability [17, 36];rather, this thesis will demonstrate that it is possible using Bayesian methods to solveproblems in neural networks which have otherwise been found laborious or impossible.Since the 1960's, the Bayesian minority has been steadily growing, especially in the �eldsof economics [89] and pattern processing [20]. At this time, the state of the art for theproblem of speech recognition is a Bayesian technique (Hidden MarkovModels), and the bestimage reconstruction algorithms are also based on Bayesian probability theory (MaximumEntropy), but Bayesian methods are still viewed with mistrust by the orthodox statisticscommunity; the framework for model comparison is especially poorly known, even to mostpeople who call themselves Bayesians. This thesis therefore takes some time to thoroughlyreview the 
avour of Bayesianism that I am using. To some, the word Bayesian denotesa decision strategy that minimises the expectation of a cost [24]; to others, a Bayesian issomeone who tries to incorporate prior knowledge into their inference and decision process[8]. In fact, according to Good, there are 46656 varieties of Bayesian!1 This thesis presentsa 
avour of Bayesianism in which decisions are not involved. Inference and decision arecleanly separated. The terms `Bayes risk' and `Bayes optimal' are not in the vocabulary ofthis thesis. The genealogy of this 
avour is Laplace{Je�reys{Cox{Jaynes{Gull [80, 38, 17,36, 26]. A further di�erence between this approach and other work known as Bayesian isthat the emphasis is on inverse rather than forward probability. Forward probability usesprobabilities and priors, but it does not make use of Bayes' rule. Forward probability isused for example to evaluate the typical performance of a modelling procedure averagedover di�erent data sets from a de�ned ensemble [82, 32]. Here the philosophy is, usinginverse probability, to evaluate the relative plausibilities of several alternative models in thelight of the single data set that we actually observe.1Good was unaware of the Bayesian Occam's razor.



CHAPTER 1. SUMMARY 3Where inference �ts into the data modelling processFigure 1.1 illustrates an abstraction of the data modelling process; this summary appliesfor example to the tasks of �tting a curve to data, reconstructing a blurred image, andmaking an automatic pattern recognition system; the �gure is also descriptive of the generalscienti�c method.We start by gathering data and creating models to account for those data. There arethen two levels of inference, which are marked by the double{framed boxes. At the �rstlevel, `�tting each model to the data', the task is to infer what the free parameters ofeach model might be given the data. The second level of inference is the task of modelcomparison. Here, we wish to rank how plausible the alternative models are in the light ofthe data.Having �tted the models and compared them, we can then decide to gather more dataor to invent new models for the data, and we can repeat the inference process. We can alsouse the knowledge we have gained from the data to make decisions about our future actionsin the world.Bayesian methods can be used to solve the two inductive inference problems, whichare the two central boxes in the �gure; the other tasks in the modelling process are notdirectly addressed by Bayes' rule, which applies to inductive inference problems only. The�rst level of inference, �tting each model to the data, is usually a straightforward task, anddi�erences between Bayesian and non{Bayesian solutions are often not pronounced at thislevel. This thesis will especially emphasise the second level of inference, the task of modelcomparison. This inference problem is not straightforward because a quantitative Occam'srazor is needed to penalise over{complex models. The other boxes in this diagram will alsobe visited during the thesis.Bayes' ruleThe fundamental concept of Bayesian analysis is that the plausibilities of alternative hy-potheses are represented by probabilities, and inference is performed by evaluating thoseprobabilities. Suppose that we have a collection of models, H1;H2; : : :HL competing toaccount for the data we gather. Our initial beliefs about the relative plausibility of thesemodels are quanti�ed by a list of probabilities, P (H1); P (H2); : : :P (HL), which sum to 1.Each model Hi makes predictions about how likely di�erent data sets `D' are, if that modelis true. These predictions are described by a probability distribution P (DjHi) (`the proba-bility of D given Hi'). When we observe the actual data D, Bayes' rule describes how weshould update our beliefs in the models in the light of the data. The plausibility of modelHi, given that we have observed D, written P (HijD), is obtained by multiplying togethertwo quantities: �rst, P (Hi), i.e., how plausible we thought Hi was before the data arrived;and second, P (DjHi), i.e., how much the model Hi predicted the data. In symbols, Bayes'rule is written: P (HijD) = P (Hi)P (DjHi)P (D) :The denominator P (D) is a normalising constant which makes our �nal beliefs P (HijD)add up to 1. A Bayesian addresses any inference problem by using this equation. Thehard line Bayesian position is that the Cox axioms [17] prove that consistent inference canonly be Bayesian, and no other inference methods should be used, on pain of inconsistency[75]. However, I will develop the more moderate position that the Bayesian method isan important tool which should be used alongside other pragmatic modelling tools. I will



4 BAYESIAN METHODS FOR ADAPTIVE MODELSdemonstrate that the simultaneous application of Bayesian and non{Bayesian methods leadsto insights that could not be obtained by using either tool alone.1.3 What are neural networks and why do they need Oc-cam's razor?Research in neural{like networks is motivated by the observation that the brain has a`connectionist' computational architecture: the brain is composed of many simple devices(neurons) which are massively interconnected with each other; the computational abilitiesof the brain are an `emergent phenomenon' arising from the cooperative interactions ofthese simple components. Workers in the �eld of neural networks create novel connectionistdevices so as to try and understand `how the brain does it', and to try to create new anduseful tools for such tasks as speech recognition, character recognition, and robotics.The most popular neural network algorithm is `backpropagation', which is capable of`learning from examples' [66]. In this case, a neural network can be viewed as a black boxwhich produces an output when we give it an input. How the output depends on the inputis controlled by some tens or thousands of knobs on the black box, which we, the teacher,are able to twiddle. The object of the `learning' process is to adjust these knobs so as to getthe black box to give a desired output in response to each input. What is inside the blackbox is not essential to this discussion: usually it contains a network of simple `neurons'feeding from the inputs to the outputs, and the `knobs' are the strengths of the `synapses'between the `neurons'.Imagine that what we feed to the inputs of the black box is a simple encoding of apiece of English text; and imagine that we want the outputs of the black box to be thepronunciation of that piece of text, in a simple code we have de�ned. When we present anuntrained black box with a piece of English text, its outputs are very likely to be completegarbage, compared with the coded pronunciation that we wanted it to produce. What wewould like to do is adjust the knobs on the black box a little, so that the next time we givethe same piece of text as input, the output of the box will be a little closer to what it shouldhave been. The backpropagation learning algorithm is a prescription for how to tweak all theknobs on the black box to achieve precisely this goal. (Backpropagation performs gradientdescent on the error function.) Now the perhaps surprising outcome of this procedure isthat after repeated `training' on a dictionary of 50,000 English words, a black box consistingof 200 `neurons' can learn not only to pronounce correctly a large fraction of the words itwas trained on, but also to perform equally well on other words which were not in thetraining set. Thus the device is able to extract the underlying structure in the examples itwas trained on and `generalise' from them.The backpropagation algorithm has been applied to many other tasks (the text pro-nunciation example above is one of the earliest successes), and a performance equalling theability of human experts is often obtained. Recently, especially impressive results have beenobtained for adaptive optics [4].However, the performance of these algorithms depends on a considerable number ofdesign choices, most of which are currently made by rules of thumb and trial and error.For example, in designing the neural network for text pronunciation, one has to decide howmany `neurons' there should be in the architecture of the black box, how they should beconnected to each other, and what constraints should be imposed on the parameters of thenetwork. The problem of Occam's razor rears its head repeatedly when we try to makethese design choices because a more complex and unconstrained neural network will nearly



CHAPTER 1. SUMMARY 5always learn the examples in the training set better than a simpler one; however the simplerneural network may actually be a better model of the problem, and generalise better to newexamples.The fact that we cannot use the performance on the training set to choose betweendi�erent solutions would not matter if we had plenty of data and limitless computationalresources: we could generate solutions using thousands of di�erent models with di�erentcomplexities and rank them by evaluating the test error on some reserved test data. Butsince we have limited resources we would like to be able to use all our data both to �tall the models and also to rank them. We would furthermore like to �nd a technique forautomatically optimising the choice of model design, without having to perform massivecomputational searches through `design space'.The Bayesian framework presented in this thesis satis�es these desiderata.OverviewThe thesis consists of four papers. The �rst paper (Chapter 2) reviews in detail the Bayesianframework for model comparison and regularisation due to Gull and Skilling, by studyingthe problem of interpolating a noisy data set with traditional linear models. This chapterdemonstrates that Bayesian methods do indeed embody Occam's razor in a consistent,intuitive and quantitative way.In the second paper (Chapter 3) this framework is applied to `neural networks', and it isdemonstrated that (at least for the toy problem studied) Bayesian probability theory choosesbetween alternative solutions found using networks with di�erent architectures in a waythat succesfully embodies Occam's razor. Another enhancement to neural network trainingmethods concerns regularisation. Neural networks sometimes perform poorly because theparameters (`weights') in the network blow up to implausibly large values in order to �t thedetails of the training set. To prevent this it is popular to use a procedure called `weightdecay' during the training. However, no objective procedure previously existed for settingthe weight decay rate (apart from the computationally expensive option of testing multipledecay rates in parallel experiments). The Bayesian framework for neural network learningyields a simple prescription for optimising the weight decay rate, which is interpreted as aregularisation constant. This prescription can be easily approximated and implemented `online', and it may be one of the most useful practical tools to emerge from this research. InChapter 3 we also see how the combination of Bayesian and non{Bayesian model assessmenttechniques can draw attention to defects in our hypothesis space, helping us traverse theloop to the right of �gure 1.1, in which we invent new models.In the third paper (Chapter 4), information{based utility functions are discussed forthe purpose of data selection, the left{hand loop in �gure 1.1. The evaluation of datautility is a problem relevant to a scientist whose data measurements are expensive, andto an autonomous robot which has to decide where to explore next so as to satisfy apre{programmed curiosity about its environment; we also need to evaluate data utility insituations where data is so abundant that we have to decide which data to throw away. Theinformation{based criteria derived in this chapter have promising properties, but I do notbelieve that they are the �nal solution to the data selection problem, because artefacts mayresult when these criteria are applied to poor models.The fourth paper (Chapter 5) applies the methods developed in the �rst three papersto neural networks solving classi�cation problems, rather than regression problems. Oneof the simplest but most important results in this chapter is a demonstration that careful



6 BAYESIAN METHODS FOR ADAPTIVE MODELSincorporation of error bar information into the outputs of a classi�er can give improvedpredictions. As in Chapter 3, the Bayesian Occam's razor does its job surprisingly well.Chapter 6 is a short note extending the framework of Chapters 2 and 3 to allow modellingof an input{dependent noise level. A maximum likelihood solution to this problem wouldhave singularities where the interpolant �ts the data exactly; the Bayesian solution naturallyavoids these problems.In the �nal chapter I re
ect on the strengths and weaknesses of the Bayesian approachto adaptive modelling, and the open questions and frontiers facing this framework.Relevance to BiologyThis work is not intended to shed any direct light on the functioning of biological neuralnetworks. But it is clear that biological neural networks have solved the Occam's razorproblem | we are expert adaptive modelling systems. I believe that if we are ever tounderstand the brain, a prerequisite will be that we should understand the problems thatit has solved. We need to understand how to model, and how to infer. Of course, I do notexpect that the brain embodies any of the equations in this thesis; I am sure that Nature hasfound far more elegant solutions to these problems. But I hope that the Bayesian normativetheory of learning will serve as a guide in trying to elucidate how learning is performed bynatural systems.



7Chapter 2Bayesian InterpolationAbstractAlthough Bayesian analysis has been in use since Laplace, the Bayesian methodof model{comparison has only recently been developed in depth. In this chapter, theBayesian approach to regularisation and model{comparison is demonstrated by studyingthe inference problem of interpolating noisy data. The concepts and methods describedare quite general and can be applied to many other data modelling problems.Regularising constants are set by examining their posterior probability distribution.Alternative regularisers (priors) and alternative basis sets are objectively compared byevaluating the evidence for them. `Occam's razor' is automatically embodied by thisprocess.The way in which Bayes infers the values of regularising constants and noise levelshas an elegant interpretation in terms of the e�ective number of parameters determinedby the data set. This framework is due to Gull and Skilling.2.1 Data modelling and Occam's razorIn science, a central task is to develop and compare models to account for the data thatare gathered. In particular this is true in the problems of learning, pattern classi�cation,interpolation and clustering. Two levels of inference are involved in the task of datamodelling (�gure 2.1). At the �rst level of inference, we assume that one of the models thatwe invented is true, and we �t that model to the data. Typically a model includes some freeparameters; �tting the model to the data involves inferring what values those parametersshould probably take, given the data. The results of this inference are often summarised bythe most probable parameter values and error bars on those parameters. This is repeatedfor each model. The second level of inference is the task of model comparison. Here, wewish to compare the models in the light of the data, and assign some sort of preference orranking to the alternatives.10Chapter 2 of Ph.D. thesis `Bayesian Methods for Adaptive Models' by David MacKay, California Instituteof Technology, submitted December 10 1991.1Note that both levels of inference are distinct from decision theory. The goal of inference is, given ade�ned hypothesis space and a particular data set, to assign probabilities to hypotheses. Decision theorytypically chooses between alternative actions on the basis of these probabilities so as to minimise the ex-pectation of a `loss function'. This chapter concerns inference alone and no loss functions or utilities areinvolved.Another misconception concerns the relationship between model comparison and model choice. In empha-sising the Bayesian method of model comparison I do not mean to imply that the correct action is to choosethe most probable model. The `right way' to make Bayesian predictions is to integrate over our model space.



8 BAYESIAN METHODS FOR ADAPTIVE MODELSGatherDATA CreatealternativeMODELS��@@Fit each MODELto the DATA��@@Assign preferences to thealternative MODELSChoose whatdata togather nextGathermore data Decide whetherto create newmodelsCreate newmodelsChoose futureactions6� - 6��@@@R���	 ?Figure 2.1: Where Bayesian inference �ts into the data modelling process.This �gure illustrates an abstraction of the part of the scienti�c process in which data is collectedand modelled. In particular, this �gure applies to pattern classi�cation, learning, interpolation, etc..The two double{framed boxes denote the two steps which involve inference. It is only in those twosteps that Bayes' rule can be used. Bayes does not tell you how to invent models, for example.The �rst box, `�tting each model to the data', is the task of inferring what the model parametersmight be given the model and the data. Bayes may be used to �nd the most probable parametervalues, and error bars on those parameters. The result of applying Bayes to this problem is oftenlittle di�erent from the answers given by orthodox statistics.The second inference task, model comparison in the light of the data, is where Bayes is in a classof its own. This second inference problem requires a quantitative Occam's razor to penalise over{complex models. Bayes can assign objective preferences to the alternative models in a way thatautomatically embodies Occam's razor.For example, consider the task of interpolating a noisy data set. The data set could beinterpolated using a splines model, using radial basis functions, using polynomials, or usingfeedforward neural networks. At the �rst level of inference, we take each model individuallyand �nd the best �t interpolant for that model. At the second level of inference we wantto rank the alternative models and state for our particular data set that, for example,`splines are probably the best interpolation model', or `if the interpolant is modelled as apolynomial, it should probably be a cubic'.Bayesian methods are able consistently and quantitatively to solve both these inferencetasks. There is a popular myth that states that Bayesian methods only di�er from ortho-dox (also known as `frequentist' or `sampling theory') statistical methods by the inclusion ofsubjective priors which are arbitrary and di�cult to assign, and usually don't make muchdi�erence to the conclusions. It is true that at the �rst level of inference, a Bayesian'sresults will often di�er little from the outcome of an orthodox attack. What is not widelyWe may however sometimes make model choices for reasons of computational economy, or because only afew models are needed to give a su�ciently accurate approximation to the ideal Bayesian solution.
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C D
1Figure 2.2: Why Bayes embodies Occam's razorThis �gure gives the basic intuition for why complex models are penalised. The horizontal axisrepresents the space of possible data sets D. Bayes' rule rewards models in proportion to how muchthey predicted the data that occurred. These predictions are quanti�ed by a normalised probabilitydistribution on D. In this paper, this probability of the data given model Hi, P (DjHi), is calledthe evidence for Hi.A simple model H1 makes only a limited range of predictions, shown by P (DjH1); a more powerfulmodel H2, that has, for example, more free parameters than H1, is able to predict a greater varietyof data sets. This means however that H2 does not predict the data sets in region C1 as strongly asH1. Assume that equal prior probabilities have been assigned to the two models. Then if the dataset falls in region C1, the less powerful model H1 will be the more probable model.appreciated is how Bayes performs the second level of inference. It is here that Bayesianmethods are totally di�erent from orthodox sampling theory methods. Indeed, when re-gression and density estimation are discussed in most statistics texts (for example [24]),the task of model comparison is virtually ignored; no general orthodox method exists forsolving this problem.Model comparison is a di�cult task because it is not possible simply to choose the modelthat �ts the data best: more complex models can always �t the data better, so the maximumlikelihood model choice would lead us inevitably to implausible over{parameterised modelswhich generalise poorly. `Occam's razor' is the principle that states that unnecessarilycomplex models should not be preferred to simpler ones. Bayesian methods automaticallyand quantitatively embody Occam's razor [26, 38], without the introduction of ad hocpenalty terms. Complex models are automatically self{penalising under Bayes' rule. Figure2.2 gives the basic intuition for why this should be expected; the rest of this chapter willexplore this property in depth.Bayesian methods, simultaneously conceived by Bayes [6] and Laplace [80], were �rst laidout in depth by the Cambridge geophysicist Sir Harold Je�reys [38]. The logical basis forthe Bayesian use of probabilities as measures of plausibility was subsequently established byCox [17], who proved that consistent inference in a closed hypothesis space can be mappedonto probabilities. For a general review of Bayesian philosophy the reader is encouragedto read the excellent papers by Jaynes and Loredo [36, 47], and the recently reprinted textof Box and Tiao [13]. Since Je�reys, the emphasis of most Bayesian probability theoryhas been `to formally utilize prior information' [8], i.e., to perform inference in a way thatmakes explicit the prior knowledge and ignorance that we have, which orthodox methodsomit. However, Je�reys' work also laid the foundation for Bayesian model comparison,which does not involve an emphasis on prior information, but rather emphasises gettingmaximal information from the data. Je�reys applied this theory to simple model comparisonproblems in geophysics, for example testing whether a single additional parameter is justi�edby the data. Since the 1960s, Je�reys' model comparison methods have been applied and



10 BAYESIAN METHODS FOR ADAPTIVE MODELSextended in the economics literature [89] and by a small number of statisticians [10, 11, 12].Only recently has this aspect of Bayesian analysis been further developed and applied tomore complex problems in other �elds.This chapter will review Bayesian model comparison, `regularisation', and noise esti-mation, by studying the problem of interpolating noisy data. The Bayesian framework Iwill describe for these tasks is due to Gull and Skilling [26, 27, 29, 70, 74], who have usedBayesian methods to achieve the state of the art in image reconstruction. The same ap-proach to regularisation has also been developed in part by Szeliski [81]. Bayesian modelcomparison is also discussed by Smith and Spiegelhalter [77] and by Bretthorst [14], whohas used Bayesian methods to push back the limits of NMR signal detection. The sameBayesian theory underlies the unsupervised classi�cation system, AutoClass [31]. The factthat Bayesian model comparison embodies Occam's razor has been rediscovered by Kashyapin the context of modelling time series [40]; his paper includes a thorough discussion of howBayesian model comparison is di�erent from orthodox `Hypothesis testing'. One of theearliest applications of these sophisticated Bayesian methods of model comparison to realdata is by Patrick and Wallace [60]; in this fascinating paper, competing models accountingfor megalithic stone circle geometry are compared within the description length framework,which is equivalent to Bayes. It is pleasing to note the current appearance of an increasingnumber of publications using Bayesian model comparison [37, 53].As the quantities of data collected throughout science and engineering continue to in-crease, and the computational power and techniques available to model that data alsomultiply, I believe Bayesian methods will prove an ever more important tool for re�ningour modelling abilities. I hope that this review will help to introduce these techniques tothe `neural' modelling community. Chapter 3 will demonstrate how these techniques canbe fruitfully applied to backpropagation neural networks. Chapter 4 will show how thisframework relates to the task of selecting where next to gather data so as to gain maximalinformation about our models.2.2 The evidence and the Occam factorLet us write down Bayes' rule for the two levels of inference described above, so as to seeexplicitly how Bayesian model comparison works. Each modelHi (H stands for `hypothesis')is assumed to have a vector of parameters w. A model is de�ned by its functional form andtwo probability distributions: a `prior' distribution P (wjHi) which states what values themodel's parameters might plausibly take; and the predictions P (Djw;Hi) that the modelmakes about the data D when its parameters have a particular value w. Note that modelswith the same parameterisation but di�erent priors over the parameters are therefore de�nedto be di�erent models.1. Model �tting. At the �rst level of inference, we assume that one model Hi is true,and we infer what the model's parameters w might be given the data D. Using Bayes'rule, the posterior probability of the parameters w is:P (wjD;Hi) = P (Djw;Hi)P (wjHi)P (DjHi) : (2.1)In words: Posterior = Likelihood � PriorEvidence :



CHAPTER 2. BAYESIAN INTERPOLATION 11The normalising constant P (DjHi) is commonly ignored, since it is irrelevant tothe �rst level of inference, i.e., the choice of w; but it will be important in thesecond level of inference, and we name it the evidence for Hi. It is common touse gradient{based methods to �nd the maximum of the posterior, which de�nesthe most probable value for the parameters, wMP; it is then common to summarisethe posterior distribution by the value of wMP, and error bars on these best �t pa-rameters. The error bars are obtained from the curvature of the posterior; writingthe Hessian A = �rr logP (wjD;Hi) and Taylor{expanding the log posterior with�w = w�wMP, P (wjD;Hi) ' P (wMPjD;Hi) exp��12�wTA�w� (2.2)we see that the posterior can be locally approximated as a Gaussian with covariancematrix (error bars) A�1.22. Model comparison. At the second level of inference, we wish to infer which modelis most plausible given the data. The posterior probability of each model is:P (HijD) / P (DjHi)P (Hi): (2.3)Notice that the data{dependent term P (DjHi) is the evidence for Hi, which appearedas the normalising constant in (2.1). The second term, P (Hi), is a `subjective' priorover our hypothesis space which expresses how plausible we thought the alternativemodels were before the data arrived. We will see later that this subjective part of theinference will typically be overwhelmed by the objective term, the evidence. Assumingthat we have no reason to assign strongly di�ering priors P (Hi) to the alternativemodels, models Hi are ranked by evaluating the evidence. Equation (2.3)has not been normalised because in the data modelling process we may develop newmodels after the data have arrived (�gure 2.1), when an inadequacy of the �rst modelsis detected, for example. So we do not start with a completely de�ned hypothesisspace. Inference is open{ended: we continually seek more probable models to accountfor the data we gather. New models are compared with previous models by evaluatingthe evidence for them.The key concept of this chapter is this: to assign a preference to alternative models Hi, aBayesian evaluates the evidence P (DjHi). This concept is very general: the evidence canbe evaluated for parametric and `non{parametric' models alike; whether our data modellingtask is a regression problem, a classi�cation problem, or a density estimation problem, theevidence is the Bayesian's transportable quantity for comparing alternative models. In allthese cases the evidence naturally embodies Occam's razor; we will examine how this worksshortly.Of course, the evidence is not the whole story if we have good reason to assign unequalpriors to the alternative models H. (To only use the evidence for model comparison isequivalent to using maximum likelihood for parameter estimation.) The classic example is2Whether this approximation is a good one or not will depend on the problem we are solving. For theinterpolation models discussed in this chapter, there is only a single maximum in the posterior distribution,and the Gaussian approximation is exact. For more general statistical models we still expect the posteriorto be dominated by locally Gaussian peaks on account of the central limit theorem [84]. Multiple maximawhich arise in more complex models complicate the analysis, but Bayesian methods can still successfully beapplied [31, 50, 55].



12 BAYESIAN METHODS FOR ADAPTIVE MODELSthe `Sure Thing' hypothesis, c
 E.T Jaynes, which is the hypothesis that the data set will beD, the precise data set that actually occurred; the evidence for the Sure Thing hypothesisis huge. But Sure Thing belongs to an immense class of similar hypotheses which shouldall be assigned correspondingly tiny prior probabilities; so the posterior probability forSure Thing is negligible alongside any sensible model. Models like Sure Thing are rarelyseriously proposed in real life, but if such models are developed then clearly we need to thinkabout precisely what priors are appropriate. Patrick and Wallace, studying the geometry ofancient stone circles (about which some people have proposed extremely elaborate theories!),discuss a practical method of assigning relative prior probabilities to alternative modelsby evaluating the lengths of the computer programs that decode data previously encodedunder each model [60]. This procedure introduces a second sort of Occam's razor into theinference, namely a prior bias against complex models. However, we will not include suchprior biases here; we will address only the data's preference for the alternative models, i.e.,the evidence, and the Occam's razor that it embodies. In the limit of large quantities ofdata this objective Occam's razor will always be the more important of the two.A modern Bayesian approach to priorsIt should be pointed out that the emphasis of this modern3 Bayesian approach is noton the inclusion of priors into inference. There is not one signi�cant `subjective prior'in this entire chapter. (For problems where signi�cant subjective priors do arise see [28,73].) The emphasis is on the idea that consistent degrees of preference for alternativehypotheses are represented by probabilities, and relative preferences for models are assignedby evaluating those probabilities. Historically, Bayesian analysis has been accompanied bymethods to work out the `right' prior P (wjH) for a problem, for example, the principlesof insu�cient reason and maximum entropy. The modern Bayesian however does not takea fundamentalist attitude to assigning the `right' priors | many di�erent priors can betried, allowing the data to inform us which is most appropriate. Each particular priorcorresponds to a di�erent hypothesis about the way the world is. We can compare thesealternative hypotheses in the light of the data by evaluating the evidence. This is theway in which alternative regularisers are compared, for example. If we try one model andobtain awful predictions, we have learnt something. `A failure of Bayesian prediction is anopportunity to learn' [36], and we are able to come back to the same data set with newmodels, using new priors for example.Evaluating the evidenceLet us now explicitly study the evidence to gain insight into how the Bayesian Occam'srazor works. The evidence is the normalising constant for equation (2.1):P (D jHi) = Z P (Djw;Hi)P (wjHi) dw: (2.4)For many problems, including interpolation, it is common for the posterior P (wjD;Hi) /P (Djw;Hi)P (wjHi) to have a strong peak at the most probable parameters wMP (�gure2.3). Then the evidence can be approximated by the height of the peak of the integrandP (Djw;Hi)P (wjHi) times its width, �w:3Under this use of the word, Box and Tiao [10, 11, 12] must be counted as `modern' Bayesians.
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wMP�w�0w wP (wjHi) P (wjD;Hi)Figure 2.3: The Occam factorThis �gure shows the quantities that determine the Occam factor for a hypothesis Hi having a singleparameter w. The prior distribution (dotted line) for the parameter has width �0w. The posteriordistribution (solid line) has a single peak at wMP with characteristic width �w. The Occam factoris �w�0w . P (D jHi) ' P (D jwMP;Hi)| {z } P (wMPjHi)�w| {z } :Evidence ' Best �t likelihood Occam factor (2.5)Thus the evidence is found by taking the best �t likelihood that the model can achieve andmultiplying it by an `Occam factor' [26], which is a term with magnitude less than one thatpenalises Hi for having the parameter w.Interpretation of the Occam factorThe quantity �w is the posterior uncertainty in w. Imagine for simplicity that the priorP (wjHi) is uniform on some large interval �0w, representing the range of values of w thatHi thought possible before the data arrived (�gure 2.3). Then P (wMPjHi) = 1�0w , andOccam factor = �w�0w ;i.e., the ratio of the posterior accessible volume of Hi's parameter space to theprior accessible volume, or the factor by which Hi's hypothesis space collapses when thedata arrive [26, 38]. The model Hi can be viewed as being composed of a certain number ofequivalent submodels, of which only one survives when the data arrive. The Occam factoris the inverse of that number. The log of the Occam factor can be interpreted as the amountof information we gain about the model when the data arrive.Typically, a complex model with many parameters, each of which is free to vary over alarge range �0w, will be penalised with a larger Occam factor than a simpler model. TheOccam factor also provides a penalty for models which have to be �nely tuned to �t thedata; the Occam factor promotes models for which the required precision of the parameters�w is coarse. The Occam factor is thus a measure of complexity of the model, but unlikethe V{C dimension or algorithmic complexity, it relates to the complexity of the predictionsthat the model makes in data space; therefore it depends on the number of data points andother properties of the data set. Which model achieves the greatest evidence is determinedby a trade{o� between minimising this natural complexity measure and minimising the datamis�t.



14 BAYESIAN METHODS FOR ADAPTIVE MODELSOccam factor for several parametersIf w is k-dimensional, and if the posterior is well approximated by a Gaussian, the Occamfactor is obtained from the determinant of the Gaussian's covariance matrix:P (D jHi) ' P (D jwMP; Hi)| {z } P (wMPjHi) (2�)k=2det� 12A| {z };Evidence ' Best �t likelihood Occam factor (2.6)where A = �rr logP (wjD;Hi), the Hessian which we already evaluated when we calcu-lated the error bars on wMP. As the amount of data collected, N , increases, this Gaussianapproximation is expected to become increasingly accurate on account of the central limittheorem [84]. For the linear interpolation models discussed in this chapter, this Gaussianexpression is exact for any N .Comments� Bayesian model selection is a simple extension of maximum likelihood model selection:the evidence is obtained by multiplying the best �t likelihood by the Occamfactor.To evaluate the Occam factor all we need is the Hessian A, if the Gaussian approx-imation is good. Thus the Bayesian method of model comparison by evaluating theevidence is computationally no more demanding than the task of �nding for eachmodel the best �t parameters and their error bars.� It is common for there to be degeneracies in models with many parameters, i.e., severalequivalent parameters could be relabelled without a�ecting the likelihood. In thesecases, the right hand side of equation (2.6) should be multiplied by the degeneracy ofwMP to give the correct estimate of the evidence.� `Minimum description length' (MDL) methods are closely related to this Bayesianframework [65, 85, 86]. The log evidence log2 P (DjHi) is the number of bits in theideal shortest message that encodes the data D using model Hi. Akaike's crite-rion, originally derived as a predictor of generalisation error [3], can be viewed, likeSchwartz's `B.I.C.', as an approximation to MDL and Bayes [68, 89]. Any imple-mentation of MDL necessitates approximations in evaluating the length of the idealshortest message. Although some of the earliest work on complex model comparisoninvolved the MDL framework [60], MDL has no apparent advantages, and in my workI approximate the evidence directly.� It should be emphasised that the Occam factor has nothing to do with how compu-tationally complex it is to use a model. The evidence is a measure of plausibility ofa model. How much CPU time it takes to use each model is certainly an interestingissue which might bias our decisions towards simpler models, but Bayes' rule does notaddress that issue. Choosing between models on the basis of how many function callsthey need is an exercise in decision theory, which is not addressed in this chapter.Once the probabilities described above have been inferred, optimal actions can bechosen using standard decision theory with a suitable utility function.



CHAPTER 2. BAYESIAN INTERPOLATION 152.3 The noisy interpolation problemBayesian interpolation through noise{free data has been studied by Skilling and Sibisi [70].In this chapter I study the problem of interpolating through data where the dependentvariables are assumed to be noisy (a task also known as `regression', `curve{�tting', `signalestimation', or, in the neural networks community, `learning'). I am not examining the casewhere the independent variables are also noisy. This di�erent and more di�cult problemhas been studied for the case of straight line{�tting by Gull [28].Let us assume that the data set to be interpolated is a set of pairs D = fxm; tmg, wherem = 1 : : :N is a label running over the pairs. For simplicity I will treat x and t as scalars,but the method generalises to the multidimensional case. To de�ne a linear interpolationmodel, a set of k �xed basis functions4 A = f�h(x)g is chosen, and the interpolated functionis assumed to have the form: y(x) = kXh=1wh�h(x); (2.7)where the parameters wh are to be inferred from the data. The data set is modelled asdeviating from this mapping under some additive noise process N :tm = y(xm) + �m: (2.8)If � is modelled as zero{mean Gaussian noise with standard deviation �� , then the proba-bility of the data5 given the parameters w is:P (D jw; �;A;N ) = exp(��ED(Djw;A))ZD(�) ; (2.9)where � = 1=�2� , ED = Pm 12(y(xm) � tm)2, and ZD = (2�=�)N=2. P (D jw; �;A;N ) iscalled the likelihood. It is well known that �nding the maximum likelihood parameterswML may be an `ill{posed' problem. That is, the w that minimises ED is underdeterminedand/or depends sensitively on the details of the noise in the data; the maximum likelihoodinterpolant in such cases oscillates wildly so as to �t the noise. Thus it is clear that tocomplete an interpolation model we need a prior R that expresses the sort of smoothnesswe expect the interpolant y(x) to have. A model may have a prior of the formP (yjR; �) = exp(��Ey(yjR))Zy(�) ; (2.10)where Ey might be for example the functional Ey = R y00(x)2dx (which is the regulariser forcubic spline interpolation6). The parameter � is a measure of how smooth f(x) is expectedto be. Such a prior can also be written as a prior on the parameters w:P (wj�;A;R) = exp(��EW (wjA;R))ZW (�) ; (2.11)4The case of adaptive basis functions, also known as feedforward neural networks, is examined in Chapter3. 5Strictly, this probability should be written P (ftmgjfxmg;w; �;A;N ), since these interpolation modelsdo not predict the distribution of input variables fxmg; this liberty of notation will be taken throughoutthis thesis.6Strictly, this particular prior may be improper because a y(x) of the form w1x+ w0 is not constrainedby this prior.



16 BAYESIAN METHODS FOR ADAPTIVE MODELSwhere ZW = R dkw exp(��EW ). EW (or Ey) is commonly referred to as a regularisingfunction.The interpolation model H is now complete, consisting of a choice of basis functions A,a noise model N with parameter �, and a prior (regulariser) R, with regularising constant�. Particular settings of the hyperparameters � and � will be viewed as sub-models of H.The �rst level of inferenceIf � and � are known, then the posterior probability of the parameters w is:7P (wjD;�; �;A;R;N ) = P (Djw; �;A;N )P (wj�;A;R)P (Dj�; �;A;R;N ) : (2.12)Writing8 M(w) = �EW + �ED; (2.13)the posterior is P (wjD;�; �;A;R;N ) = exp(�M(w))ZM(�; �) (2.14)where ZM (�; �) = R dkw exp(�M). We see that minimising the combined objective func-tion M corresponds to �nding the most probable interpolant, wMP. Error bars on the best�t interpolant9 can be obtained from the Hessian of M , A = rrM , evaluated at wMP.This is the well known Bayesian view of regularisation [63, 83], also known as `maximumpenalised likelihood' or `ridge regression'.Bayesian methods provide far more than just an interpretation for regularisation. Whatwe have described so far is just the �rst of three levels of inference. (The second leveldescribed in sections 1 and 2, `model comparison', splits into a second and a third level forthis problem, because each interpolation model is made up of a continuum of sub{modelswith di�erent values of � and �.) At the second level, Bayes allows us to objectively assignvalues to � and �, which are commonly unknown a priori. At the third, Bayes enablesus to quantitatively rank alternative basis sets A, alternative regularisers (priors) R, and,in principle, alternative noise models N .10 Furthermore, we can quantitatively compareinterpolation under any model H = fA;N ;Rgwith other interpolation and learning modelssuch as neural networks, if a similar Bayesian approach is applied to them. Neither thesecond nor the third level of inference can be successfully executed without Occam's razor.The Bayesian theory of the second and third levels of inference has only recently beenworked out [27]; this chapter's goal is to review that framework. Section 2.4 will describe theBayesian method of inferring � and �; section 2.5 will describe Bayesian model comparisonfor the interpolation problem. Both these inference problems are solved by evaluation ofthe appropriate evidence.2.4 Selection of parameters � and �7The regulariser �;R has been omitted from the conditioning variables in the likelihood because the datadistribution does not depend on the prior once w is known. Similarly the prior does not depend on �;N .8The name M stands for `mis�t'; it will be demonstrated later that M is the natural measure of mis�t,rather than �2D = 2�ED.9These error bars represent the uncertainty of the interpolant, and should not be confused with thetypical scatter of noisy data points relative to the interpolant.10Bayesian inference of a slightly non{Gaussian distribution is performed in Box and Tiao [10, 12].
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Figure 2.4: How the best interpolant depends on �These �gures introduce a data set, `X', which is interpolated with a variety of models in this chapter.Notice that the density of data points is not uniform on the x{axis. In the three �gures the dataset is interpolated using a radial basis function model with a basis of 60 equally spaced Cauchyfunctions, all with radius 0.2975. The regulariser is EW = 12Pw2, where w are the coe�cients ofthe basis functions. Each �gure shows the most probable interpolant for a di�erent value of �: a)6000; b) 2.5; c) 10�7. Note at the extreme values how the data are oversmoothed and over�ttedrespectively. Assuming a 
at prior, � = 2:5 is the most probable value of �. In b), the most probableinterpolant is displayed with its 1� error bars, which represent how uncertain we are about theinterpolant at each point, under the assumption that the interpolation model and the value of � arecorrect. Notice how the error bars increase in magnitude where the data are sparse. The error barsdo not get bigger near the datapoint close to (1,0), because the radial basis function model doesnot expect sharp discontinuities; the error bars are obtained assuming the model is correct, so thatpoint is interpreted as an improbable outlier.



18 BAYESIAN METHODS FOR ADAPTIVE MODELSTypically, � is not known a priori, and often � is also unknown. As � is varied, theproperties of the best �t (most probable) interpolant vary. Assume that we are using aprior that encourages smoothness, and imagine that we interpolate at a very large value of�; then this will constrain the interpolant to be very smooth and 
at, and it will not �t thedata at all well (�gure 2.4a). As � is decreased, the interpolant starts to �t the data better(�gure 2.4b). If � is made even smaller, the interpolant oscillates wildly so as to over�tthe noise in the data (�gure 2.4c). The choice of the `best' value of � is our �rst `Occam'srazor' problem: large values of � correspond to simple models which make constrainedand precise predictions, saying `the interpolant is expected to not have extreme curvatureanywhere'; a tiny value of � corresponds to the more powerful and 
exible model that says`the interpolant could be anything at all, our prior belief in smoothness is very weak'. Thetask is to �nd a value of � which is small enough that the data are �tted but not so smallthat they are over�tted. For more severely ill{posed problems such as deconvolution, theprecise value of the regularising parameter is increasingly important. Orthodox statisticshas ways of assigning values to such parameters, based for example on mis�t criteria, theuse of test data, and cross{validation. Gull has demonstrated why the popular use of mis�tcriteria is incorrect and how Bayes sets these parameters [27]. The use of test data maybe an unreliable technique unless large quantities of data are available. Cross{validation,the orthodox `method of choice' [22], will be discussed more in section 2.6 and chapter 3. Iwill explain the Bayesian method of inferring � and � after �rst reviewing some statisticsof mis�t.Mis�t, �2, and the e�ect of parameter measurementsFor N independent Gaussian variables with mean � and standard deviation �, the statistic�2 =P(x��)2=�2 is a measure of mis�t. If � is known a priori, �2 has expectation N�pN .However, if � is �tted from the data by setting � = �x, we `use up a degree of freedom', and�2 has expectation N�1. In the second case � is a `well{measured parameter'. When aparameter is determined by the data in this way it is unavoidable that the parameter �tssome of the noise in the data as well. That is why the expectation of �2 is reduced by one.This is the basis of the distinction between the �N and �N�1 buttons on your calculator. Itis common for this distinction to be ignored, but in cases such as interpolation where thenumber of free parameters is similar to the number of data points, it is essential to �ndand make the analogous distinction. It will be demonstrated that the Bayesian choices ofboth � and � are most simply expressed in terms of the e�ective number of well{measuredparameters, 
, to be derived below.Mis�t criteria are `principles' which set parameters like � and � by requiring that �2should have a particular value. The discrepancy principle requires �2 = N . Anotherprinciple requires �2 = N � k, where k is the number of free parameters. We will �nd thatan intuitive mis�t criterion arises for the most probable value of �; on the other hand, theBayesian choice of � will be unrelated to the value of the mis�t.Bayesian choice of � and �To infer from the data what value � and � should have, Bayesians evaluate the posteriorprobability distribution: P (�; �jD;H) = P (Dj�; �;H)P (�; �jH)P (DjH) : (2.15)



CHAPTER 2. BAYESIAN INTERPOLATION 19The data dependent term P (Dj�; �;H) has already appeared earlier as the normalising con-stant in equation (2.12), and it is called the evidence for � and �. Similarly the normalisingconstant of (2.15) is called the evidence for H, and it will turn up later when we comparealternative models H = fA;N ;Rg in the light of the data.If P (�; �jH) is a 
at prior11 (which corresponds to the statement that we don't knowwhat value � and � should have), the evidence is the function that we use to assign apreference to alternative values of � and �. It is given in terms of the normalising constantsde�ned earlier by P (Dj�; �;H) = ZM(�; �)ZW (�)ZD(�) : (2.16)Occam's razor is implicit in this formula: if � is small, the large freedom in the prior rangeof possible values of w is automatically penalised by the consequent large value of ZW ;models that �t the data well achieve a large value of ZM . The optimum value of � achievesa compromise between �tting the data well and being a simple model.Now to assign a preference to (�; �), our computational task is to evaluate the threeintegrals ZM , ZW and ZD. We will come back to this task in a moment.But that sounds like determining your prior after the data have arrived!When I �rst heard the preceding explanation of Bayesian regularisation I was discontentbecause it seemed that the prior is being chosen from an ensemble of possible priors afterthe data have arrived. To be precise, as described above, the most probable value of � isselected; then the prior corresponding to that value of � alone is used to infer what theinterpolant might be. This is not how Bayes would have us infer the interpolant. It isthe combined ensemble of priors that de�ne our prior, and we should integrate over thisensemble when we do inference.12 Let us work out what happens if we follow this properapproach. The preceding method of using only the most probable prior will emerge as agood approximation.The true posterior P (wjD;H) is obtained by integrating over � and �:P (wjD;H)=Z P (wjD;�; �;H)P (�; �jD;H) d�d�: (2.17)In words, the posterior probability over w can be written as a linear combination of theposteriors for all values of �; �. Each posterior density is weighted by the probability of�; � given the data, which appeared in (2.15). This means that if P (�; �jD;H) has adominant peak at �̂; �̂, then the true posterior P (wjD;H) will be dominated by the densityP (wjD; �̂; �̂;H). As long as the properties of the posterior P (wjD;�; �;H) do not changerapidly with �; � near �̂; �̂ and the peak in P (�; �jD;H) is strong, we are justi�ed in usingthe approximation: P (wjD;H) ' P (wjD; �̂; �̂;H): (2.18)This approximation is valid if under the same conditions as in footnote 13. It is a matterof ongoing research to develop computational methods for cases where this approximationis invalid (Sibisi and Skilling, personal communication, Neal, personal communication). Insome cases, including the linear models of this chapter, the integral (2.17) can be performed11Since � and � are scale parameters, this prior should be understood as a 
at prior over log � and log �.12It is remarkable that Laplace almost got this right in 1774 [80]; when inferring the mean of a Laplaciandistribution, he both inferred the posterior probability of a nuisance parameter like � in (2.15), and thenattempted to integrate out the nuisance parameter as in equation (2.17).
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Figure 2.5: Choosing �a) The evidence as a function of �: Using the same radial basis function model as in �gure 2.4,this graph shows the log evidence as a function of �, and shows the functions which make up thelog evidence, namely the data mis�t �2D = 2�ED, the weight penalty term �2W = 2�EW , and thelog of the volume ratio (2�)k=2det� 12A=ZW (�).b) Criteria for optimising �: This graph shows the log evidence as a function of �, and thefunctions whose intersection locates the evidence maximum: the number of good parameter mea-surements 
, and �2W . Also shown is the test error (rescaled) on two test sets; �nding the test errorminimum is an alternative criterion for setting �. Both test sets were more than twice as large insize as the interpolated data set. Note how the point at which �2W = 
 is clear and unambiguous,which cannot be said for the minima of the test energies. The evidence gives � a 1-� con�denceinterval of [1:3; 5:0]. The test error minima are more widely distributed because of �nite samplenoise.analytically. I have chosen to use the approximations regardless, because 1) the approx-imations give a clearer intuition for how Bayesian methods solve regularisation problems;2) the approximations are applicable to cases where there is no analytic solution; and 3)the approximations relate most closely to alternative regularisation methods, which seek to�nd `optimal' values of �; �.Why not �nd the joint optimum in w; �; �?It is not satisfactory to simply maximise the likelihood or the posterior probability simul-taneously over w, � and �; the posterior and likelihood both have skew peaks such thatthe maximum likelihood value for the parameters is not in the same place as most of theposterior probability [27]. To get a feeling for this here is a more familiar problem: examinethe posterior probability for the parameters of a Gaussian (�; �) given N samples: the max-imum likelihood value for � is �N , but the most probable value for � (found by integratingover �) is �N�1. It should be emphasised that this distinction has nothing to do with theprior over the parameters � and �, which is 
at here. It is the process of marginalisationthat corrects the bias which a�icts both maximum likelihood and maximum a posteriori.



CHAPTER 2. BAYESIAN INTERPOLATION 21Evaluating the evidenceLet us return to our train of thought at equation (2.16). To evaluate the evidence for �; �,we want to �nd the integrals ZM , ZW and ZD. Typically the most di�cult integral toevaluate is ZM . ZM (�; �) = Z dkw exp(�M(w; �; �)):If the regulariser R is a quadratic functional (and the favourites are), then ED and EWare quadratic functions of w, and we can evaluate ZM exactly. Letting rrEW = C andrrED = B then using A = �C+ �B, we have:M =M(wMP) + 12(w�wMP)TA(w�wMP);where wMP = �A�1BwML. This means that ZM is the Gaussian integral:ZM = e�MMP (2�)k=2det� 12A: (2.19)In many cases where the regulariser is not quadratic (for example, entropy{based), thisGaussian approximation is still servicable [27]. Thus we can write the log evidence for �and � as:log P (Dj�; �;H) = ��EMPW ��EMPD � 12 log detA�logZW (�)�logZD(�)+k2 log 2�: (2.20)The term �EMPD represents the mis�t of the interpolant to the data. The three terms��EMPW � 12 log detA� logZW (�) constitute the log of the `Occam factor' penalising smallvalues of �: the ratio (2�)k=2det� 12A=ZW (�) is the ratio of the posterior accessible volumein parameter space to the prior accessible volume, and the term �EMPW measures how farwMP is from its null value. Figure 2.5a illustrates the behaviour of these various terms as afunction of � for the same radial basis function model as illustrated in �gure 2.4.Now we could just proceed to evaluate the evidence numerically as a function of � and�, but a more deep and fruitful understanding of this problem is possible.Properties of the evidence maximumThe maximum over �; � of P (Dj�; �;H) = ZM (�; �)=(ZW(�)ZD(�)) has some remarkableproperties which give deeper insight into this Bayesian approach. The results of this sectionare useful both numerically and intuitively.Following Gull [27], we transform to the basis in which the Hessian of EW is the identity,rrEW = I. This transformation is simple in the case of quadratic EW : rotate intothe eigenvector basis of C and stretch the axes so that the quadratic form EW becomeshomogeneous. This is the natural basis for the prior. I will continue to refer to the parametervector in this basis as w, so from here on EW = 12Pw2i . Using rrM = A and rrED = Bas above, we di�erentiate the log evidence with respect to � and � so as to �nd the conditionthat is satis�ed at the maximum. The log evidence, from (2.20), is:log P (Dj�; �;H) = ��EMPW � �EMPD � 12 log detA+ k2 log�+ N2 log � � N2 log 2�: (2.21)First, di�erentiating with respect to �, we need to evaluate dd� log detA. UsingA = �I+�B,dd� log detA = Trace�A�1dAd� �= Trace�A�1I� = TraceA�1:



22 BAYESIAN METHODS FOR ADAPTIVE MODELS6 -q w1w2 wMLwMP qqFigure 2.6: Good and bad parameter measurementsLet w1 and w2 be the components in parameter space in two directions parallel to eigenvectors ofthe data matrix B. The circle represents the characteristic prior distribution for w. The ellipserepresents a characteristic contour of the likelihood, centred on the maximum likelihood solutionwML. wMP represents the most probable parameter vector. w1 is a direction in which �1 is smallcompared to �, i.e., the data have no strong preference about the value of w1; w1 is a poorlymeasured parameter, and the term �1�1+� is close to zero. w2 is a direction in which �1 is large; w2is well determined by the data, and the term �2�2+� is close to one.This result is exact if EW and ED are quadratic. Otherwise this result is an approximation,omitting terms in @B=@�. Now, di�erentiating (2.21) and setting the derivative to zero, weobtain the following condition for the most probable value of �:2�EMPW = k � �TraceA�1: (2.22)The quantity on the left is the dimensionless measure of the amount of structure introducedinto the parameters by the data, i.e., how much the �tted parameters di�er from their nullvalue. It can be interpreted as the �2 of the parameters, since it is equal to �2W =Pw2i =�2W ,with � = 1=�2W .The quantity on the right of (2.22) is called the number of good parameter measure-ments, 
, and has value between 0 and k. It can be written in terms of the eigenvaluesof �B, �a, where the subscript a runs over the k eigenvectors. The eigenvalues of A are�a + �, so we have:
 = k � �TraceA�1 = k � kXa=1 ��a + � = kXa=1 �a�a + �: (2.23)Each eigenvalue �a measures how strongly one parameter is determined by the data. Theconstant � measures how strongly the parameters are determined by the prior. The athterm 
a = �a=(�a + �) is a number between 0 and 1 which measures the strength of thedata relative to the prior in direction a (�gure 2.6): the components of wMP are given bywMPa = 
awMLa.A direction in parameter space for which �a is small compared to � does not contributeto the number of good parameter measurements. 
 is thus a measure of the e�ective numberof parameters which are well determined by the data. As �=� ! 0; 
 increases from 0 tok. The condition (2.22) for the most probable value of � can therefore be interpreted asan estimation of the variance �2W of the Gaussian distribution from which the weights aredrawn, based on 
 e�ective samples from that distribution: �2W =Pw2i =
.This concept is not only important for locating the optimum value of �: it is only the
 good parameter measurements which are expected to contribute to the reduction of thedata mis�t that occurs when a model is �tted to noisy data. In the process of �tting w



CHAPTER 2. BAYESIAN INTERPOLATION 23to the data, it is unavoidable that some �tting of the model to noise will occur, becausesome components of the noise are indistinguishable from real data. Typically, one unit (�2)of noise will be �tted for every well{determined parameter. Poorly determined parametersare determined by the regulariser only, so they do not reduce �2D in this way. We will nowexamine how this concept enters into the Bayesian choice of �.Recall that the expectation of the �2 mis�t between the true interpolant and the datais N . However we do not know the true interpolant, and the only mis�t measure to whichwe have access is the �2 between the inferred interpolant and the data, �2D = 2�ED. The`discrepancy principle' of orthodox statistics states that the model parameters should beadjusted so as to make �2D = N . Work on un{regularised least{squares regression suggeststhat we should estimate the noise level so as to set �2D = N � k, where k is the number offree parameters. Let us �nd out the opinion of Bayes' rule on this matter.We di�erentiate the log evidence (2.21) with respect to � and obtain, setting the deriva-tive to zero: 2�ED = N � 
: (2.24)Thus the most probable noise estimate, �̂, does not satisfy �2D=N or �2D = N�k; rather,�2D = N�
. This Bayesian estimate of noise level naturally takes into account the fact thatthe parameters which have been determined by the data inevitably suppress some of thenoise in the data, while the poorly measured parameters do not. The quantity N�
 maybe called the e�ective number of degrees of freedom. Note that the value of �2D only entersinto the determination of �: mis�t criteria have no role in the Bayesian choice of � [27].In summary, at the optimum value of � and �, �2W = 
, �2D =N�
. Notice that thisimplies that the total mis�t M=�EW+�ED satis�es the simple equation 2M=N .The interpolant resulting from the Bayesian choice of � is illustrated by �gure 2.4b.Figure 2.5b illustrates the functions involved with the Bayesian choice of �, and comparesthem with the `test error' approach. Demonstration of the Bayesian choice of � is omit-ted, since it is straightforward; � is �xed to its true value for the demonstrations in thischapter. Inference of an input{dependent noise level �(x) will be demonstrated in a futurepublication.These results generalise to the case where there are two or more separate regulariserswith independent regularising constants f�cg [27]. In this case, each regulariser has anumber of good parameter measurements 
c associated with it. Multiple regularisers willbe used for neural networks in chapter 3.Finding the evidence maximum with a head{on approach would involve evaluating detAwhile searching over �; �; the above results (2.22,2.24) enable us to speed up this search (forexample by the use of re{estimation formulae like � := 
=2EW ) and replace the evaluationof detA by the evaluation of TraceA�1. For large{dimensional problems where this taskis demanding, Skilling has developed methods for estimating TraceA�1 statistically in k2time [72].2.5 Model comparisonTo rank alternative basis sets A, noise models N and regularisers (priors) R in the light ofthe data, we examine the posterior probabilities for alternative models H=fA;N ;Rg:P (HjD) / P (DjH)P (H): (2.25)



24 BAYESIAN METHODS FOR ADAPTIVE MODELSThe data{dependent term, the evidence for H, appeared earlier as the normalising constantin (2.15), and it is evaluated by integrating the evidence for (�; �):P (DjH) = Z P (Dj�; �;H)P (�; �jH) d�d�: (2.26)Assuming that we have no reason to assign strongly di�ering priors P (H), alternative modelsH are ranked just by examining the evidence. The evidence can also be compared with theevidence found by an equivalent Bayesian analysis of other learning and interpolation modelsso as to allow the data to assign a preference to the alternative models. Notice as pointedout earlier that this modern Bayesian framework includes no emphasis on de�ning the `right'prior R with which we ought to interpolate. Rather, we invent as many priors (regularisers)as we want, and allow the data to tell us which prior is most probable. Having said this,experience recommends that the `maximum entropy principle' and other respected guidesshould be consulted when inventing these priors (see [26], for example).Evaluating the evidence for HAs � and � vary, a single evidence maximum is obtained, at �̂; �̂ (at least for quadratic EDand EW ). The evidence maximum is often well approximated13 by a separable Gaussian,and di�erentiating (2.21) twice we obtain Gaussian error bars for log� and log �:(� log�)2 ' 2=
(� log�)2 ' 2=(N � 
):Putting these error bars into (2.26), we obtain the evidence.14P (DjH) ' P (Dj�̂; �̂;H)P (�̂; �̂jH) 2��log ��log � (2.27)How is the prior P (�̂; �̂jH) assigned? This is the �rst time in this chapter that we havemet one of the infamous `subjective priors' which are supposed to plague Bayesian methods.Here are some answers to this question. (a) Any coherent method of assigning a preferenceto alternatives must implicitly assign such priors [46]. Bayesians adopt the healthy attitudeof not sweeping them under the carpet. (b) With some thought, reasonable values canusually be assigned to subjective priors, and the degree of reasonable subjectivity in theseassignments can be quanti�ed, and the sensitivity of our inferences to these priors can bequanti�ed [10, 12]. For example, a reasonable prior on an unknown standard deviationstates that � is unknown over a range of (3�2) orders of magnitude. This prior contributesa subjectivity of about �1 to the value of the log evidence. This degree of subjectivityis often negligible compared to the log evidence di�erences. (c) In the noisy interpolationexample, all models considered include the free parameters � and �. So in this chapter I donot need to assign a value to P (�̂; �̂jH); I assume that it is a 
at prior (
at over log � andlog �, since � and � are scale parameters) which cancels out when we compare alternativeinterpolation models.2.6 DemonstrationThese demonstrations will use two one{dimensional data sets, in imitation of [70]. The �rstdata set, `X', has discontinuities in derivative (�gure 2.4), and the second is a smoother13This approximation is valid when 
 � 1, and, in the spectrum of eigenvalues of �B, the number ofeigenvalues within e{fold of �̂ is � 
.14There are analytic methods for performing such integrals over � [14].



CHAPTER 2. BAYESIAN INTERPOLATION 25data set, `Y' (�gure 2.8). In all the demonstrations, � was not left as a free parameter, butwas �xed to its known true value.Error bars on one model's interpolantThe Bayesian method of setting �, assuming a single model is correct, has already beendemonstrated, and quanti�ed error bars have been placed on the most probable interpolant(�gure 2.4). The method of evaluating the error bars is to use the posterior covariancematrix of the parameters wh, A�1, to get the variance on y(x), which for any x is a linearfunction of the parameters, y(x)=Ph �h(x)wh. The error bars at a single point x are givenby var y(x)=�TA�1�. These error bars are directly related to the expected generalisationerror at x, assuming that the model is true, evaluated in [43, 82]. The error bars are alsorelated to the expected information gain per data point (chapter 4). Actually we haveaccess to the full covariance information for the entire interpolant, not just the pointwiseerror bars. It is possible to visualise the joint error bars on the interpolant by making typicalsamples from the posterior distribution, performing a random walk around the posterior`bubble' in parameter space [70, 74]. Figure 2.8 shows data set Y interpolated by threetypical interpolants found by random sampling from the posterior distribution. These errorbar properties are found under the assumption that the model is correct; so it is possiblefor the true interpolant to lie signi�cantly outside the error bars of a poor model.Model comparisonIn this section Bayesian model comparison will be demonstrated �rst with models di�er-ing only in the number of free parameters (for example polynomials of di�erent degrees),then with comparisons between models as disparate as splines, radial basis functions andfeedforward neural networks. The characters of some of these models are illustrated in�gure 2.9, which shows a typical sample from each. For each individual model, the valueof � is optimised, and the evidence is evaluated by integrating over � using the Gaussianapproximation. All logarithms are to base e.Legendre polynomials: Occam's razor for the number of basis functionsFigure 2.7a shows the evidence for Legendre polynomials of di�erent degrees for data set X.The basis functions were chosen to be orthonormal on an interval enclosing the data, anda regulariser of the form EW =P 12w2h was used.Notice that an evidence maximum is obtained: beyond a certain number of terms, theevidence starts to decrease. This is the Bayesian Occam's razor at work. The additionalterms make the model more powerful, able to make more predictions. This 
exibility isautomatically penalised. Notice the characteristic shape of the `Occam hill'. On the left,the hill is steep as the over{simple models fail to �t the data; the penalty for mis�ttingthe data scales as N , the number of data measurements. The other side of the hill ismuch less steep; the log Occam factors here only scale as k logN , where k is the numberof parameters. We note in table 2.1 the value of the maximum evidence achieved by thesemodels, and move on to alternative models.The choice of orthonormal Legendre polynomials described above was motivated by amaximum entropy argument [26]. Models using other polynomial basis sets have also beentried. For less well motivated basis sets such as Hermite polynomials, it was found that theOccam factors were far bigger and the evidence was substantially smaller. If the size of the
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Figure 2.7: The evidence for data set X (see also table 1)a) Log Evidence for Legendre polynomials. Notice the evidence maximum. The gentle slopeto the right is due to the `Occam factors' which penalise the increasing complexity of the model.b) Log Evidence for radial basis function models. Notice that there is no Occam penalty forthe additional coe�cients in these models, because increased density of radial basis functions doesnot make the model more powerful. The oscillations in the evidence are due to the details of thepixellation of the basis functions relative to the data points. c) Log Evidence for splines. Theevidence is shown for the alternative splines regularisers p=0 : : :6 (see text). In the representationused, each spline model is obtained in the limit of an in�nite number of coe�cients. For example,p= 4 yields the cubic splines model. d) Test error for splines. The number of data points inthe test set was 90, c.f. number of data points in training set = 37. The y axis shows ED; the valueof ED for the true interpolant has expectation 0.225 � 0.02.



CHAPTER 2. BAYESIAN INTERPOLATION 27Table 2.1: Evidence for models interpolating data sets X and YAll logs are natural. The evidence P (DjH) is a density over D space, so the absolute value of thelog evidence is arbitrary within an additive constant. Only di�erences in values of log evidences arerelevant, relating directly to probability ratios.Data Set X Data Set YModel Bestparametervalues Logevidence Bestparametervalues LogevidenceLegendre polynomials k = 38 -47 k = 11 23.8Gaussian radialbasis functions k > 40,r = :25 -28:8� 1:0 k > 50,r = :77 27:1� 1:0Cauchy radialbasis functions k > 50,r = :27 -18:9� 1:0 k > 50,r = 1:1 25:7� 1:0Splines, p = 2 k > 80 -9.5 k > 50 8.2Splines, p = 3 k > 80 -5.6 k > 50 19.8Splines, p = 4 k > 80 -13.2 k > 50 22.1Splines, p = 5 k > 80 -24.9 k > 50 21.8Splines, p = 6 k > 80 -35.8 k > 50 20.4Hermite functions k = 18 -66 k = 3 42.2Neural networks 8 neurons,k = 25 -12.6 6 neurons,k = 19 25.7Occam factor increases rapidly with over{parameterisation, it is generally a sign that thespace of alternative models is poorly matched to the problem.Fixed radial basis functionsFor a radial basis function or `kernel' model, the basis functions are �h(x)=g((x�xh)=r)=r;here the xh are equally spaced over the range of interest. I examine two choices of g: aGaussian and a Cauchy function, 1=1+x2. We can quantitatively compare these alternativemodels of spatial correlation for any data set by evaluating the evidence. The regulariseris EW =P 12w2h. Note that this model includes one new free parameter, r; in these demon-strations this parameter has been set to its most probable value (i.e., the value whichmaximises the evidence). To penalise this free parameter an Occam factor is included,p2�P (log r)� log r, where � log r=posterior uncertainty in log r, and P (log r) is the prioron log r, which is subjective to a small degree (I used P (log r)=1=(4�2)). This radial basisfunction model is the same as the `intrinsic correlation' model of Charter, Gull, Skilling andSibisi [16, 27, 70].Figure 2.7b shows the evidence as a function of the number of basis functions, k. Notethat for these models there is not an increasing Occam penalty for large numbers of param-eters. The reason for this is that these extra parameters do not make the model any morepowerful (for �xed � and r). The increased density of basis functions does not enable themodel to make any signi�cant new predictions because the kernel g band{limits the possibleinterpolants.
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Figure 2.8: Data set `Y', interpolated with splines, p = 5.The data set is shown with three typical interpolants drawn from the posterior probability distri-bution. Contrast this with �gure 2.4b, in which the most probable interpolant is shown with itspointwise error bars.Splines: Occam's razor for the choice of regulariserThe splines models were implemented as follows: let the basis functions be a Fourier setcoshx; sin hx, h=0; 1; 2; : : :. Use the regulariser EW =P 12hpw2h(cos)+P 12hpw2h(sin). If p=4then in the limit k!1 we have the cubic splines regulariser E(4)y =R y00(x)2dx; if p=2 wehave the regulariser E(2)y = R y0(x)2dx, etc. Notice that the `non{parametric' splines modelcan easily be put in an explicit parameterised representation. However, none of these splinesmodels include `knots'.Figure 2.7c shows the evidence for data set X as a function of the number of terms, forp=0; 1; 2; 3; 4; 6. Notice that in terms of Occam's razor, both cases discussed above occur:for p=0; 1, as k increases, the model becomes more powerful and there is an Occam penalty.For p=3; 4; 6, increasing k gives rise to no penalty. The case p=2 seems to be on the fencebetween the two.As p increases, the regulariser becomes more opposed to strong curvature. Once we reachp=6, the model becomes less probable because the data demand sharp discontinuities. Theevidence can choose the order of our splines regulariser for us. For this data set, it turnsout that p=3 is the most probable value of p, by a few multiples of e.In passing, the radial basis function models described above can be transformed intothe Fourier representation of the splines models. If the radial basis function kernel is g(x)then the regulariser in the splines representation is EW =P 12(w2h(cos)+w2h(sin))G�2h , whereGh is the discrete Fourier transform of g.
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Figure 2.9: Typical samples from the prior distributions of six modelsThis �gure illustrates the character of some of the models used in this chapter. Each model wasrepresented with 60 basis functions, and a typical sample from the prior distribution is shown. Theregularisation constant was in each case set to make the typical magnitude of the interpolants similar.a) Splines, p=2. b) Splines, p= 4 (cubic splines). c) Splines, p= 6. The splines were representedwith a Fourier set with period 12.0. Notice how the spikiness of the typical sample decreases as theorder of the spline increases. d) Cauchy radial basis functions. The basis functions were equallyspaced from -3.0 to 5.0, and had scale r = 0:2975. e) Legendre polynomials. The polynomialswere stretched so that the interval [-3.0,5.0] corresponds to the natural interval. Notice that thecharacteristic amplitude diverges at the boundaries, and the characteristic frequency of the typicalsample also increases towards the boundaries. f) Ordinary polynomials. This �gure illustrates whatbad results can be obtained if a prior is carelessly assigned. A uniform prior over the coe�cients ofy =Pwhxh yields a highly non{uniform typical sample.



30 BAYESIAN METHODS FOR ADAPTIVE MODELSResults for a smoother data setFigure 2.8 shows data set Y, which comes from a much smoother interpolant than data setX. Table 2.1 summarises the evidence for the alternative models. We can con�rm that theevidence behaves in a reasonable manner by noting the following di�erences between datasets X and Y:In the splines family, the most probable value of p has shifted upwards to the sti�ersplines with p=4�5, as we would intuitively expect.Legendre polynomials: an observant reader may have noticed that when data set X wasmodelled with Legendre polynomials, the most probable number of coe�cients k=38 wassuspiciously similar to the number of data points N=37. For data set Y, however, the mostprobable number of coe�cients is 11, which con�rms that the evidence does not alwaysprefer the polynomial with k=N . Data set X behaved in this way because it is very poorlymodelled by polynomials.The Hermite function model, which was a poor model for data set X, is now the mostprobable, by a long way (over a million times more probable). The reason for this is thatactually the data were generated from a Hermite function!Why Bayes can't systematically reject the truthLet us ask a sampling theory question: if one of the models we o�er to Bayes is actuallytrue, i.e., it is the model from which the data were generated, then is it possible for Bayesto systematically (over the ensemble of possible data sets) prefer a false model? Clearlyunder a worst case analysis, a Bayesian's posterior may favour a false model. Furthermore,Skilling demonstrated that with some data sets a free form (maximum entropy) model canhave greater evidence than the truth [73]; but is it possible for this to happen in the typicalcase, as Skilling seems to claim? I will show that the answer is no, that the e�ect thatSkilling demonstrated cannot be systematic. To be precise, the expectation over possibledata sets of the log evidence for the true model is greater than the expectation of the logevidence for any other �xed model [59].15Proof. Suppose that the truth is actually H1. A single data set arrives and we compare theevidences for H1 and H2, a di�erent �xed model. Both models may have free parameters,but this will be irrelevant to the argument. Intuitively we expect that the evidence for H1,P (DjH1), should usually be greatest. Let us examine the di�erence in log evidence betweenH1 and H2. The expectation of this di�erence, given that H1 is true, is�log P (DjH1)P (DjH2)� = Z dNDP (DjH1) log P (DjH1)P (DjH2) :(Note that this integral implicitly integrates over all H1's parameters according to theirprior distribution under H1.) Now it is well known that for normalised p and q, R p log pqis minimised by setting q = p (Gibbs' theorem). Therefore a distinct model H2 is neverexpected to systematically defeat the true model, for just the same reason that it is not wiseto bet di�erently from the true odds. �This result has two important implications. First, it gives us con�dence in the ability15Skilling's result presumably occurred because the particular parameter values of the true model thatgenerated the data were not typical of the prior used when evaluating the evidence for that model. In sucha case, the log evidence di�erence can show a transient bias against the true model, for small quantities ofdata; such biases are usually corrected by greater quantities of data.



CHAPTER 2. BAYESIAN INTERPOLATION 31of Bayesian methods on the average to identify the true model. Secondly, it provides astringent test of numerical implementations of Bayesian model comparison. Imagine thatwe have written a program that evaluates the evidence for models H1 and H2. Then wecan generate mock data from sources simulating H1 and H2 and evaluate the evidences.If there is any systematic bias, averaged over several mock data sets, for the estimatedevidence to favour the false model, then we can be sure that our numerical implementationis not evaluating the evidence correctly.This issue is illustrated using data set Y. The `truth' is that this data set was actuallygenerated from a quadratic Hermite function, 1:1(1�x+2x2)e�x2=2. By the above argumentthe evidence ought probably to favour the model `the interpolant is a 3{coe�cient Hermitefunction' over our other models. Table 2.1 shows the evidence for the true Hermite functionmodel, and for other models. As already stated, the truth is indeed considerably moreprobable than the alternatives.Having demonstrated that Bayes cannot systematically fail when one of the models istrue, we now examine the way in which this framework can fail, if none of the models o�eredto Bayes is any good.Comparison with `generalisation error'It is a popular and intuitive criterion for choosing between alternative interpolants (foundusing di�erent models) to compare their errors on a test set that was not used to derivethe interpolants. `Cross{validation' is a more re�ned and more computationally expensiveversion of this same idea. How does this method relate to the evaluation of the evidencedescribed in this chapter?Figure 2.7c displayed the evidence for the family of spline interpolants. Figure 2.7dshows the corresponding test error, measured on a test set with size over twice as big (90)as the `training' data set (37) used to determine the interpolant. A similar comparison wasmade in �gure 2.5b. Note that the overall trends shown by the evidence are matched bytrends in the test error (if you 
ip one graph upside down). Also, for this particular problem,the ranks of the alternative spline models under the evidence are similar to their ranks underthe test error. And in �gure 2.5b, the evidence maximum over � was surrounded by thetest error minima. Thus, this suggests that the evidence might be a reliable predictor ofgeneralisation ability. However, this is not necessarily the case. There are �ve reasons whythe evidence and the test error might not be correlated.First, the test error is a noisy quantity. It is necessary to devote large quantities of datato the test set to obtain a reasonable signal to noise ratio. In �gure 2.5b more than twice asmuch data is in each test set but the di�erence in log� between the two test error minimaexceeds the size of the Bayesian con�dence interval for log �.Second, the model with greatest evidence is not expected to be the best model all thetime | Bayesian inferences are uncertain. The whole point of Bayes is that it quanti�esprecisely those uncertainties: the relative values of the evidence for alternative modelsexpress the plausibility of the models, given the data and the underlying assumptions.Third, there is more to the evidence than there is to the generalisation error. For ex-ample, imagine that for two models, the most probable interpolants happen to be identical.In this case, the two solutions will have the same generalisation error, but the evidence willnot in general be the same: typically, the model that was a priori more complex will su�era larger Occam factor and will have a smaller evidence.Fourth, the test error is a measure of performance only of the single most probableinterpolant: the evidence is a measure of plausibility of the entire posterior ensemble around



32 BAYESIAN METHODS FOR ADAPTIVE MODELSthe best �t interpolant. Probably a stronger correlation between the evidence and the teststatistic would be obtained if the test statistic used were the average of the test error overthe posterior ensemble of solutions. This ensemble test error is not so easy to compute.The �fth and most interesting reason why the evidence might not be correlated with thegeneralisation error is that there might be a 
aw in the underlying assumptions such that themodels being compared might all be poor models. If a poor regulariser is used, for example,one that is ill{matched to the statistics of the world, then the Bayesian choice of � willoften not be the best in terms of generalisation error; Bayesian methods are more sensitiveto poor model assumptions than, say, cross{validation [18, 27, 32]. Such a failure occursin chapter 3. What is our attitude to such a failure of Bayesian prediction? The failure ofthe evidence does not mean that we should discard Bayes' rule and use the generalisationerror as our criterion for choosing �. A failure is an opportunity to learn; a healthy scientistactively searches for such failures, because they yield insights into the defects of the currentmodel. The detection of such a failure (by evaluating the generalisation error for example)motivates the search for new models which do not fail in this way; for example alternativeregularisers can be tried until a model is found that makes the data more probable.If one only uses the generalisation error as a criterion for model comparison, one is deniedthis mechanism for learning. The development of maximum entropy image deconvolutionwas held up for years because no{one used the Bayesian choice of �; once the Bayesianchoice of � was used [27], the results obtained were most dissatisfactory, making clear whata poor regulariser was being used; this motivated an immediate search for alternative priors;the new, more probable priors discovered by this search are now at the heart of the stateof the art in image deconvolution [88].The similarity between regularisation and `early stopping'While an over{parameterised model is �tted to a data set using gradient descent on thedata error, it is sometimes noted that the model's generalisation error passes through aminimum, rather than decreasing monotonically. This is known as `over{learning' in theneural networks community, and some researchers advocate the use of `early stopping', thatis, stopping gradient descent before the data error minimum is reached, so as to try toobtain solutions with smaller generalisation error.This author believes that `over{learning' should be viewed as a symptom of a modelill{matched to the data set, and that the appropriate response is not to patch up a badmodel, but rather to search for models which are better matched to our data. In particular,the use of models incorporating simple regularisers is expected to give results qualitativelysimilar to the results of early stopping. This can be seen by examining �gure 2.6. Theregulariser moves the minimum of the objective function from wML to wMP; as the strengthof the regulariser � is increased, wMP follows a knee{shaped trajectory from wML to theorigin; a typical solution wMP is shown in �gure 2.6. If on the other hand gradient descent onthe likelihood (data error) is used, and if the typical initial condition is close to the origin,then gradient descent will follow a similar knee{shaped trajectory. Thus, qualitativelysimilar solutions are expected from increasingly early stopping and from increasingly strongregularisation with complete minimisation. Regularisation is to be preferred as a morerobust, repeatable and comprehensible procedure.



CHAPTER 2. BAYESIAN INTERPOLATION 33Admitting neural networks into the canon of Bayesian interpolation mod-elsChapter 3 will discuss how to apply this Bayesian framework to feedforward neural networks.Preliminary results using these methods are included in table 2.1. Assuming that theapproximations used were valid, it is interesting that the evidence for neural nets is actuallygood for both the spiky and the smooth data sets. Furthermore, neural nets, in spite oftheir arbitrariness, yield a relatively compact model, with fewer parameters needed than tospecify the splines and radial basis function solutions.2.7 ConclusionsThe recently developed methods of Bayesian model comparison and regularisation havebeen presented. Models can be ranked by evaluating the evidence, a solely data{dependentmeasure which intuitively and consistently combines a model's ability to �t the data with itscomplexity. The precise posterior probabilities of the models also depend on the subjectivepriors that we assign to them, but these terms are typically overwhelmed by the evidence.Regularising constants are set by maximising the evidence. For many regularisationproblems, the theory of the number of well{measured parameters makes it possible to per-form this optimisation on{line.In the interpolation examples discussed, the evidence was used to set the number ofbasis functions k in a polynomial model; to set the characteristic size r in a radial basisfunction model; to choose the order p of the regulariser for a spline model; and to rank allthese di�erent models in the light of the data.Further work is needed to formalise the relationship of this framework to the pragmaticmodel comparison technique of cross{validation. Using the two techniques in parallel, it ispossible to detect 
aws in the underlying assumptions implicit in the data models beingused. Such failures direct our search for superior models, providing a powerful tool forhuman learning.There are thousands of data modelling tasks waiting for the evidence to be evaluated.It will be exciting to see how much we can learn when this is done.



34 BAYESIAN METHODS FOR ADAPTIVE MODELSChapter 3A Practical Bayesian Frameworkfor Backpropagation NetworksAbstractA quantitative and practical Bayesian framework is described for learning of map-pings in feedforward networks. The framework makes possible: (1) objective compar-isons between solutions using alternative network architectures; (2) objective stoppingrules for network pruning or growing procedures; (3) objective choice of magnitudeand type of weight decay terms or additive regularisers (for penalising large weights,etc.); (4) a measure of the e�ective number of well{determined parameters in a model;(5) quanti�ed estimates of the error bars on network parameters and on network out-put; (6) objective comparisons with alternative learning and interpolation models suchas splines and radial basis functions. The Bayesian `evidence' automatically embod-ies `Occam's razor', penalising over{
exible and over{complex models. The Bayesianapproach helps detect poor underlying assumptions in learning models. For learningmodels well matched to a problem, a good correlation between generalisation abilityand the Bayesian evidence is obtained.3.1 The gaps in backpropThere are many knobs on the black box of `backprop' (learning by back{propagation oferrors [66]). Generally these knobs are set by rules of thumb, trial and error, and the use ofreserved test data to assess generalisation ability (or more sophisticated cross{validation).The knobs fall into two classes: (1) parameters which change the e�ective learning model, forexample, number of hidden units, and weight decay terms; and (2) parameters concernedwith function optimisation technique, for example, `momentum' terms. This chapter isconcerned with making objective the choice of the parameters in the �rst class, and withranking alternative solutions to a learning problem in a way which makes full use of all theavailable data. Bayesian techniques will be described which are both theoretically well{founded and practically implementable.Let us review the basic framework for learning in networks, then discuss the points atwhich objective techniques are needed. The training set for the mapping to be learned isa set of input{target pairs D = fxm; tmg, where m is a label running over the pairs. A0Chapter 3 of Ph.D. thesis `Bayesian Methods for Adaptive Models' by David MacKay, California Instituteof Technology, submitted December 10 1991.



CHAPTER 3. A BAYESIAN FRAMEWORK FOR BACKPROP NETWORKS 35neural network architecture A is invented, consisting of a speci�cation of the number oflayers, the number of units in each layer, the type of activation function performed by eachunit, and the available connections between the units. If a set of values w is assigned tothe connections in the network, the network de�nes a mapping y(x;w;A) from the inputactivities x to the output activities y.1 The distance of this mapping to the training set ismeasured by some error function; for example the error for the entire data set is commonlytaken to be ED(D jw;A) =Xm 12�y(xm;w;A)� tm�2: (3.1)The task of `learning' is to �nd a set of connections w which gives a mapping which �tsthe training set well, i.e., has small error ED; it is also hoped that the learned connectionswill `generalise' well to new examples. Plain backpropagation learns by performing gradientdescent on ED in w{space. Modi�cations include the addition of a `momentum' term, andthe inclusion of noise in the descent process. More e�cient optimisation techniques mayalso be used, such as conjugate gradients or variable metric methods. This chapter will notdiscuss computational modi�cations concerned only with speeding the optimisation. It willaddress however those modi�cations to the plain backprop algorithm which implicitly orexplicitly modify the objective function, with decay terms or regularisers.It is moderately common for extra regularising terms EW (w) to be added to ED; forexample, terms which penalise large weights may be introduced, in the hope of achievinga smoother or simpler mapping [33, 39, 57, 67, 87]. Some of the `hints' in [2] also fall intothe category of additive weight{dependent energies. A sample weight energy term is:EW (wjA;R) =Xi 12w2i : (3.2)The weight energy may be implicit, for example, `weight decay' (subtraction of a multi-ple of w in the weight change rule) corresponds to the energy in (3.2). Gradient{basedoptimisation is then used to minimise the combined function:M = �EW (wjA;R) + �ED(D jw;A); (3.3)where � and � are `black box' parameters.The constant � should not be confused with the `momentum' parameter sometimesintroduced into backprop; in the present context � is a decay rate or regularising constant.Also note that � should not be viewed as causing `forgetting'; ED is de�ned as the error onthe entire data set, so gradient descent on M treats all data points equally irrespective ofthe order in which they were acquired.What is lackingThe above procedures include a host of free parameters such as the choice of neural networkarchitecture, and of the regularising constant �. There are not yet established ways ofobjectively setting these parameters, though there are many rules of thumb (see [39, 87] forexamples).One popular way of comparing networks trained with di�erent parameter values is toassess their performance by measuring the error on an unseen test set or by similar cross{validation techniques. The data are divided into two sets, a training set which is used to1The framework developed in this chapter will apply not only to networks composed of `neurons', but toany regression model for which we can compute the derivatives of the outputs with respect to the parameters,@y(x;w;A)=@w.



36 BAYESIAN METHODS FOR ADAPTIVE MODELSoptimise the parameters w of the network, and a test set, which is used to optimise controlparameters such as � and the architecture A. However, the utility of these techniquesin determining values for the parameters � and � or for comparing alternative networksolutions, etc., is limited because a large test set may be needed to reduce the signal to noiseratio in the test error, and cross{validation is computationally demanding. Furthermore,if there are several parameters like � and �, it is out of the question to optimise suchparameters by repeating the learning with all possible values of these parameters and usinga test set. Such parameters must be optimised on line.It is therefore interesting to study objective criteria for setting free parameters andcomparing alternative solutions, which depend only on the data set used for the training.Such criteria will prove especially important in applications where the total amount of datais limited, so that one doesn't want to sacri�ce good data for use as a test set. Rather, wewish to �nd a way to use all our data in the process of optimising the parameters w and inthe process of optimising control parameters like � and A.This chapter will describe practical Bayesian methods for �lling the following holes inthe neural network framework just described:1. Objective criteria for comparing alternative neural network solutions, inparticular with di�erent architectures A.Given a single architecture A, there may be more than one minimum of the objectivefunction M . If there is a large disparity in M between the minima then it is plausibleto choose the solution with smallest M . But where the di�erence is not so great it isdesirable to be able to assign an objective preference to the alternatives.It is also desirable to be able to assign preferences to neural network solutions usingdi�erent numbers of hidden units, and di�erent activation functions. Here there is an`Occam's razor' problem: the more free parameters a model has, the smaller the dataerror ED it can achieve. So we cannot simply choose the architecture with smallestdata error. That would lead us to an over{complex network which generalises poorly.The use of weight decay does not fully alleviate this problem; networks with too manyhidden units still generalise worse, even if weight decay is used (see section 3.4).2. Objective criteria for setting the decay rate �. As in the choice of A above,there is an `Occam's razor' problem: a small value of � in equation (3.3) allows theweights to become large and over�t the noise in the data. This leads to a small valueof the data error ED (and a small value ofM), so we cannot base our choice of � onlyon ED orM . The Bayesian solution presented here can be implemented on{line, i.e.,it is not necessary to do multiple learning runs with di�erent values of � in order to�nd the best.3. Objective choice of regularising function EW .4. Objective criteria for choosing between a neural network solution and asolution using a di�erent learning or interpolation model, for example, splinesor radial basis functions.The probability connectionTishby et al. [82] introduced a probabilistic view of learning which is an important steptowards solving the problems listed above. The idea is to force a probabilistic interpretationonto the neural network technique so as to be able to make objective statements. This



CHAPTER 3. A BAYESIAN FRAMEWORK FOR BACKPROP NETWORKS 37interpretation does not involve the addition of any new arbitrary functions or parameters,but it involves assigning a meaning to the functions and parameters that are already used.My work is based on the same probabilistic framework, and extends it using conceptsand techniques adapted from Gull and Skilling's Bayesian image reconstruction methods[27]. This chapter also adopts a shift in emphasis from Tishby et al.'s paper. Their workconcentrated on predicting the average generalisation ability of one network trained on atask drawn from a known prior ensemble of tasks. This is called forward probability. Inthis thesis the emphasis will be on quantifying the relative plausibilities of many alternativesolutions to an interpolation or classi�cation task; that task is de�ned by a single data setproduced by the real world, and we do not know the prior ensemble from which the taskcomes. This is called inverse probability. This thesis avoids using the language of statisticalphysics, partly so as to avoid concepts that would sound strange in that language; forexample `the probability distribution of the temperature' is unfamiliar in physics, but `theprobability distribution of the noise variance' is its innocent counterpart in literal terms.Let us now review the probabilistic interpretation of network learning.� Likelihood. A network with speci�ed architecture A and connections w is viewed asmaking predictions about the target outputs as a function of input x in accordancewith the probability distribution:P (tmjxm;w; �;A;N ) = exp(��E(tmjxm;w;A))Zm(�) ; (3.4)where Zm(�) = R dt exp(��E). E is the error for a single datum, and � is a measureof the presumed noise included in t. If E is the quadratic error function then thiscorresponds to the assumption that t includes additive Gaussian noise with variance�2� = 1=�. The symbol N denotes the implicit noise model.� Prior. A prior probability is assigned to alternative network connection strengths w,written in the form: P (wj�;A;R) = exp(��EW (wjA;R))ZW (�) ; (3.5)where ZW = R dkw exp(��EW ). Here � is a measure of the characteristic expectedconnection magnitude. If EW is quadratic as speci�ed in equation (3.2) then weightsare expected to come from a Gaussian with zero mean and variance �2W = 1=�.Alternative `regularisers' R (each using a di�erent energy function EW ) implicitlycorrespond to alternative hypotheses about the statistics of the environment.� The posterior probability of the network connections w is then:P (wjD;�; �;A;N ;R) = exp(��EW � �ED)ZM (�; �) ; (3.6)where ZM(�; �) = R dkw exp(��EW � �ED). Notice that the exponent in this ex-pression is the same as (minus) the objective function M de�ned in (3.3).So under this framework, minimisation of M = �EW + �ED is identical to �nding the(locally) most probable parameters wMP; minimisation of ED alone is identical to �ndingthe maximum likelihood parameters wML. Thus an interpretation has been given to back-propagation's energy functions ED and EW , and to the parameters � and �. It should



38 BAYESIAN METHODS FOR ADAPTIVE MODELSbe emphasised that `the probability of the connections w' is a measure of plausibility thatthe model's parameters should have a speci�ed value w; this has nothing to do with theprobability that a particular algorithm might converge to w.This framework o�ers some partial enhancements for backprop methods: The work ofLevin et al. [43] makes it possible to predict the average generalisation ability of neuralnetworks trained on one of a de�ned class of problems. However, it is not clear whetherthis will lead to a practical technique for choosing between alternative network architecturesfor real data sets.Le Cun et al. have demonstrated how to estimate the `saliency' of a weight, which is thechange in M when the weight is deleted [41]. They have used this measure successfully tosimplify large neural networks. However, no stopping rule for weight deletion was o�eredother than measuring performance on a test set.Also Denker and Le Cun demonstrated how the Hessian of M can be used to assignerror bars to the parameters of a network and to its outputs [19]. However, these error barscan only be quanti�ed once � is quanti�ed, and how to do this without prior knowledge orextra data has not been demonstrated. In fact � can be estimated from the training dataalone.3.2 Review of Bayesian regularisation and model compari-sonIn chapter 2 it was demonstrated how the control parameters � and � are assigned byBayes, and how alternative interpolation models H = fA;N ;Rg can be compared. It wasnoted there that it is not satisfactory to optimise � and � by �nding the joint maximumlikelihood value of w; �; �; the likelihood has a skew peak whose maximum is not locatedat the most probable values of the control parameters. Chapter 2 also reviewed how theBayesian choice of � and � is neatly expressed in terms of a measure of the number ofwell{determined parameters in a model, 
. However that chapter assumed that M(w)only has one signi�cant minimum which was well approximated as quadratic. (All theinterpolation models discussed in chapter 2 can be interpreted as two{layer networks witha �xed non{linear �rst layer and adaptive linear second layer.) In this section I brie
yreview the Bayesian framework, retaining that assumption. The following section will thendiscuss how the framework can be modi�ed to handle neural networks, where the landscapeof M(w) is certainly not quadratic.Determination of � and �By Bayes' rule, the posterior probability for these parameters is:P (�; � jD;H) = P (Dj�; �;H)P (�; �jH)P (DjH) : (3.7)Now if we assign a uniform prior to (�; �), the quantity of interest for assigning preferencesto (�; �) is the �rst term on the right hand side, the evidence for �; �, which can be writtenas2 P (Dj�; �;H) = ZM(�; �)ZW (�)ZD(�) ; (3.8)2The same notation, and the same abuses thereof, will be used as in chapter 2.



CHAPTER 3. A BAYESIAN FRAMEWORK FOR BACKPROP NETWORKS 39where ZM and ZW were de�ned earlier and ZD = R dNDe��ED .Let us use the simple quadratic energy functions de�ned in equations (3.1,3.2). Thismakes the analysis easier, but more complex cases can still in principle be handled by thesame approach. Let the number of degrees of freedom in the data set, i.e., the number ofoutput units times the number of data pairs, be N , and let the number of free parameters,i.e., the dimension of w, be k. Then we can immediately evaluate the Gaussian integralsZD and ZW : ZD = (2�=�)N=2, and ZW = (2�=�)k=2. Now we want to �nd ZM(�; �) =R dkw exp(�M(w; �; �)). Supposing for now that M has a single minimum as a functionof w, at wMP, and assuming we can locally approximate M as quadratic there, the integralZM is approximated by: ZM ' e�M(wMP)(2�)k=2det� 12A; (3.9)where A = rrM is the Hessian of M evaluated at wMP.The maximum of P (Dj�; �;H) has the following useful properties:�2W � 2�EW = 
 (3.10)�2D � 2�ED = N � 
; (3.11)where 
 is the e�ective number of parameters determined by the data,
 = kXa=1 �a�a + �; (3.12)where �a are the eigenvalues of the quadratic form �ED in the natural basis of EW .Comparison of di�erent modelsTo rank alternative architectures, noise models, and penalty functions EW in the light ofthe data, we simply evaluate the evidence for H = fA;N ;Rg, P (D jH), which appeared asthe normalising constant in (3.7). Integrating the evidence for (�; �), we have:P (DjH) = Z P (Dj�; �;H)P (�; �jH) d�d�: (3.13)The evidence is the Bayesian's transportable quantity for comparing models in the light ofthe data.3.3 Adapting the frameworkFor neural networks, M(w) is not quadratic. Indeed it is well known that M typicallyhas many local minima. And if the network has a symmetry under permutation of itsparameters, then we know that M(w) must share that symmetry, so that every singleminimum belongs to a family of symmetric minima of M . For example if there are Hhidden units in a single layer then each non{degenerate minimum is in a family of sizeg = H ! 2H. Now it may be the case that the signi�cant minima of M are locally quadratic,so we might be able to evaluate ZM by evaluating (3.9) at each signi�cant minimum andadding up the ZMs; but the number of those minima is unknown, and this approach toevaluating ZM would seem dubious.Luckily however, we do not actually want to evaluate ZM . We would need to evaluateZM in order to assign a posterior probability over �; � for an entire model, and to evaluate



40 BAYESIAN METHODS FOR ADAPTIVE MODELSthe evidence for alternative entire models. This is not quite what we wish to do: whenwe use a neural network to perform a mapping, we typically only implement one neuralnetwork at a time, and this network will have its parameters set to a particular solution ofthe learning problem. Therefore the alternatives we wish to rank are the di�erent solutionsof the learning problem, i.e., the di�erent minima of M . We would only want the evidenceas a function of the number of hidden units if we were somehow able to simultaneouslyimplement the entire posterior ensemble of networks for one number of hidden units. Sim-ilarly, we do not want the posterior over �; � for the entire posterior ensemble; rather, it isreasonable to allow each solution (each minimum of M) to choose its own optimal value forthese parameters. The same method of chopping up a complex model space is used in theunsupervised classi�cation system, AutoClass [31].Having adopted this slight shift in objective, it turns out that to set � and � and tocompare alternative solutions to a learning problem, the integral we now need to evaluateis a local version of ZM . Assume that the posterior probability consists of well separatedislands in parameter space each centred on a minimum of M . We wish to evaluate howmuch posterior probability mass is in each of these islands. Consider a minimum locatedat w�, and de�ne a solution Sw� as the ensemble of networks in the neighbourhood of w�,and all symmetric permutations of that ensemble. Let us evaluate the posterior probabilityfor alternative solutions Sw�, and the parameters � and �:P (Sw� ; �; �;HjD)/ gZ�M(w�; �; �)ZW (�)ZD(�)P (�; �jH)P (H); (3.14)where g is the permutation factor, and Z�M (w�; �; �) = RSw� dkw exp(�M(w; �; �)), wherethe integral is performed only over the neighbourhood of the minimum at w�. I will referto the quantity g Z�M (w�;�;�)ZW (�)ZD(�) as the evidence for �; �; Sw�. The parameters � and � willbe chosen to maximise this evidence. Then the quantity we want to evaluate to comparealternative solutions is the evidence3 for Sw�,P (D;Sw�jH) = Z gZ�M(w�; �; �)ZW (�)ZD(�)P (�; �jH) d�d�: (3.15)This thesis uses the Gaussian approximation for Z�M :Z�M ' e�M(w�)(2�)k=2det� 12A; (3.16)where A = rrM is the Hessian of M evaluated at w�. For general � and � this approxi-mation is probably unacceptable; however we only need it to be accurate for the small rangeof � and � close to their most probable value. The regime in which this approximation willde�nitely break down is when the number of constraints, N , is small relative to the numberof free parameters, k. For large N=k the central limit theorem encourages us to use theGaussian approximation [84]. It is a matter for further research to establish how large N=kmust be for this approximation to be reliable.What obstacles remain to prevent us from evaluating the local Z�M? We need to evaluateor approximate the inverse Hessian of M , and we need to evaluate or approximate itsdeterminant and/or trace [49].3Bayesian model comparison is performed by evaluating and comparing the evidence for alternativemodels. Gull and Skilling de�ned the evidence for a model H to be P (DjH). The existence of multipleminima in neural network parameter space complicates model comparison. The quantity in (3.15) is notP (DjSw� ;H) (it includes the prior for Sw� jH), but I have called it the evidence because it is the quantitywe should evaluate to compare alternative solutions with each other and with other models.
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Figure 3.1: Typical neural network output. (Inset { training set)This is the output space (ya; yb) of the network. The target outputs are displayed as small x's, andthe output of the network with 1� error bars is shown as a a dot surrounded by an ellipse. Thenetwork was trained on samples in two regions in the lower and upper half planes (inset). Theoutputs illustrated here are for inputs extending a short distance outside the two training regions,and bridging the gap between them. Notice that the error bars get much larger around the perimeter.They also increase slightly in the gap between the training regions. These pleasing properties arenot obtained if the diagonal Hessian approximation of [19] is used. The above solution was createdby a three layer network with 19 hidden units.Denker et al. have already discussed how to approximate the Hessian of ED for thepurpose of evaluating weight saliency and for assigning error bars to weights and networkoutputs [19, 41]. The Hessian can be evaluated in the same way that backpropagationevaluates rED (see [9] for a complete algorithm and the appendix of this chapter fora useful approximation). Alternatively A can be evaluated by numerical methods, forexample second di�erences. A third option: if variable metric methods are used to minimiseM instead of gradient descent, then the inverse Hessian is automatically generated duringthe search for the minimum. It is important, for the success of this Bayesian method, thatthe o�{diagonal terms of the Hessian should be evaluated. Denker et al.'s method can dothis without any additional complexity. The diagonal approximation is no good because ofthe strong posterior correlations in the parameters.3.4 DemonstrationThis demonstration examines the evidence for various neural net solutions to a small inter-polation problem, the mapping for a two joint robot arm,(�1; �2)! (ya; yb) = (r1 cos �1 + r2 cos(�1 + �2); r1 sin �1 + r2 sin(�1 + �2)):For the training set I used r1 = 2:0 and r2 = 1:3, random samples from a restricted range of(�1; �2) were made, and Gaussian noise of magnitude 0.05 was added to the outputs. The
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Figure 3.2: Data error versus number of hidden units.Each point represents one converged neural network, trained on a 200 i/o pair training set. Eachneural net was initialised with di�erent randomweights and with a di�erent initial value of �2W = 1=�.The two point{styles correspond to small and large initial values for �W . The error is shown indimensionless �2 units such that the expectation of error relative to the truth is 400� 20. The solidline is 400� k, where k is the number of free parameters.
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Figure 3.3: Test error versus number of hidden unitsThe training set and test set both had 200 data points. The test error for solutions found using the�rst regulariser is shown in dimensionless �2 units such that the expectation of error relative to thetruth is 400� 20.
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Figure 3.4: Test error vs. data error.Each point represents the performance of a single trained neural network on the training set andon the test set. The horizontal axis displays the data error, that is, the network's performance onthe training data. A small value of data error corresponds to a network that has learnt the trainingdata well. The vertical axis displays the test error, that is, how well each network generalises to newexamples. The smaller the test error, the better the generalisation ability of the network.This graph illustrates the `Occam problem'| the best generalisation is not achieved by the modelswhich �t the training data best.
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Figure 3.6: The number of well{determined parameters.This �gure displays 
 as a function of k, for the same network solutions as in �gure 3.5.
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Figure 3.7: Data mis�t versus 
.This �gure shows �2D against 
, and a line of gradient �1. Towards the right, the data's mis�t �2D isreduced by 1 for every well{measured parameter. When the model has too few parameters however(towards the left), the mis�t gets worse at a greater rate.
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Figure 3.8: Log evidence versus test error for the �rst regulariserThe desired correlation between the evidence and the test error has negative slope. A signi�cantnumber of points on the lower left violate this desired trend, so we have a failure of Bayesianprediction. The points which violate the trend are networks in which there is a signi�cant di�erencein typical weight magnitude between the two layers. They are all networks whose learning wasinitialised with a large value of �W . The �rst regulariser is ill{matched to such networks, and thelow evidence is a re
ection of this poor prior hypothesis.
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Figure 3.9: Comparison of two test errors.This �gure illustrates how noisy a performance measure the test error is. Each point compares theerror of a trained network on two di�erent test sets. Both test sets consist of 200 data points fromthe same distribution as the training set.



46 BAYESIAN METHODS FOR ADAPTIVE MODELSneural nets used had one hidden layer of sigmoid units and linear output units. Duringoptimisation, the regulariser (3.2) was used initially, and an alternative regulariser wasintroduced later; � was �xed to its true value (to enable demonstration of the properties ofthe quantity 
), and � was allowed to adapt to its locally most probable value.Figure 3.1 illustrates the performance of a typical neural network trained in this way.Each output is accompanied by error bars evaluated using Denker et al.'s method, includingo�{diagonal Hessian terms. If � had not been known in advance, it could have been inferredfrom the data using equation (3.11). For the solution displayed, the model's estimate of �in fact di�ered negligibly from the true value, so the displayed error bars are the same as if� had been inferred from the data.Figure 3.2 shows the data mis�t versus the number of hidden units. Notice that, asexpected, the data error tends to decrease monotonically with increasing number of param-eters. Figure 3.3 shows the error of these same solutions on an unseen test set, which doesnot show the same trend as the data error. This Occam problem is illustrated by �gure3.4, which compares the test error with the data error. The data mis�t cannot serve as acriterion for choosing between solutions.Figure 3.5 shows the evidence for about 100 di�erent solutions using di�erent numbers ofhidden units. Notice how the evidence maximum has the characteristic shape of an `Occamhill' | steep on the side with too few parameters, and shallow on the side with too manyparameters. The quadratic approximations break down when the number of parametersbecomes too big compared with the number of data points.The next �gures introduce the quantity 
, discussed in chapter 2, the number of well{measured parameters. In cases where the evaluation of the evidence proves di�cult, itmay be that 
 will serve as a useful tool. For example, sampling theory predicts thatthe addition of redundant parameters to a model should reduce �2D by one unit per well{measured parameter; a stopping criterion could detect the point at which, as parametersare deleted, �2D started to increase faster than with gradient 1 with decreasing 
 (�gure3.7).4 This use of 
 requires prior knowledge of the noise level �; that is why � was �xedto its known value for these demonstrations.Now the question is how good a predictor of network quality the evidence is. The factthat the evidence has a maximum at a reasonable number of hidden units is promising. Acomparison with �gure 3.3 shows that the performance of the solutions on an unseen test sethas similar overall structure to the evidence. However, �gure 3.8 shows the evidence againstthe performance on a test set, and it can be seen that a signi�cant number of solutions withpoor evidence actually perform well on the test set. Something is wrong! Let us discussthe relationship between the evidence and generalisation ability. We will then return to thefailure in �gure 3.8 and see that it is recti�ed by the development of new, more probableregularisers.Relation to `generalisation error'What is the relationship between the evidence and the generalisation error (or its closerelative, cross{validation)? A correlation between the two is certainly expected. But theevidence is not necessarily a good predictor of generalisation error (see discussion in chapter2). First, as illustrated in �gure 3.9, the error on a test set is a noisy quantity, and a lot ofdata has to be devoted to the test set to get an acceptable signal to noise ratio. Furthermore,imagine that two models have generated solutions to an interpolation problem, and that4This suggestion is closely related to Moody's `generalised prediction error', GPE = 1N (�2D + 2
) [54].



CHAPTER 3. A BAYESIAN FRAMEWORK FOR BACKPROP NETWORKS 47their twomost probable interpolants are completely identical. In this case, the generalisationerror for the two solutions must be the same, but the evidence will not in general be thesame: typically, the model that was a priori more complex will su�er a larger Occam factorand will have smaller evidence. Also, the evidence is a measure of plausibility of the wholeensemble of networks about the optimum, not just the optimal network. Thus there is moreto the evidence than there is to the generalisation error.What if the Bayesian method fails?I do not want to dismiss the utility of the generalisation error: it can be important fordetecting failures of the model being used. For example, if we obtain a poor correlationbetween the evidence and the generalisation error, such that Bayes fails to assign a strongpreference to solutions which actually perform well on test data, then we are able to detectand attempt to correct such failures.A failure indicates one of two things, and in either case we are able to learn and improve:either numerical inaccuracies in the evaluation of the probabilities caused the failure; or elsethe alternative models which were o�ered to Bayes were a poor selection, ill{matched to thereal world (for example, using inappropriate regularisers). When such a failure is detected,it prompts us to examine our models and try to discover the implicit assumptions in themodel which the data didn't agree with; alternative models can be tried until one is foundthat makes the data more probable.We have just met exactly such a failure. Let us now establish what assumption in ourmodel caused this failure and learn from it. Note that this mechanism for human learningis not available to those who just use the test error as their performance criterion. Going bythe test error alone, there would have been no indication that there was a serious mismatchbetween the model and the data.Back to the demonstration: comparing di�erent regularisersThe demonstrations thus far used the regulariser (3.2). This is equivalent to a prior thatexpects all the weights to have the same characteristic size. This is actually an inconsistentprior: the input and output variables and hidden unit activities could all be arbitrarilyrescaled; if the same mapping is to be performed (a simple consistency requirement), suchtransformations of the variables would imply independent rescaling of the weights to thehidden layer and to the output layer. Thus, the scales of the two layers of weights areunrelated, and it is inconsistent to force the characteristic decay rates of these di�erentclasses of weights to be the same. This inconsistency is the major cause of the failureillustrated in �gure 3.8. All the networks deviating substantially from the desired trend haveweights to the output layer far larger than the weights to the input layer; this poor matchto the model implicit in the regulariser causes the evidence for those solutions to be small.This failure enables us to progress with insight to new regularisers. The alternative thatI now present is a prior which is not inconsistent in the way explained above, so there aretheoretical reasons to expect it to be `better'. However, we will allow the data to choose,by evaluating the evidence for solutions using the new prior; we will �nd that the new prioris indeed more probable.The second prior has three independent regularising constants, corresponding to thecharacteristic magnitudes of the weights in three di�erent classes c, namely hidden unitweights, hidden unit biases, and output weights and biases (see �gure 3.10). The term�EW is replaced by Pc �cEcW , where EcW =Pi2cw2i =2. Hinton and Nowlan [57] have used
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2 13BiasBias OutputlayerHiddenlayerInputlayerFigure 3.10: The three classes of weights under the second prior1: Hidden unit weights. 2: Hidden unit biases. 3: Output unit weights and biases. The weights inone class c share the same decay constant �c.
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c associated witheach regularising function, and �nding the optimum where 2�cEcW = 
c. The increasedcomplexity of this prior model is penalised by an Occam factor for each new parameter �c(see chapter 2). Let me preempt questions along the lines of `why didn't you use four weightclasses, or non{zero means?' | any other way of assigning weight decays is just anothermodel, and you can try as many as you like; by evaluating the evidence you can then �ndout what preference the data have for the alternative decay schemes.New solutions have been found using this second prior, and the evidence evaluated. Theevidence for these new solutions with the new prior is shown in �gure 3.11. Notice that theevidence has increased compared to the evidence for the �rst prior. For some solutions thenew prior is more probable by a factor of 1030.Now the crunch: does this more probable model make good predictions? The evidencefor the second prior is shown against the test error in �gure 3.12. The correlation betweenthe two is greatly improved. Notice furthermore that not only is the second prior moreprobable, the best test error achieved by solutions found using the second prior is slightlybetter than any achieved using the �rst prior, and the number of good solutions has increasedsubstantially. Thus, the Bayesian evidence is a good predictor of generalisation ability, andthe Bayesian choice of regularisers has enabled the best solutions to be found.



50 BAYESIAN METHODS FOR ADAPTIVE MODELS3.5 DiscussionThe Bayesian method that has been presented is well{founded theoretically, and it workspractically, though it remains to be seen how this approach will scale to larger problems.For a particular data set, the evaluation of the evidence has led us objectively from aninconsistent regulariser to a more probable one. The evidence is maximised by networkswhich generalise best, showing that Occam's razor has been successfully embodied with noad hoc terms. Furthermore the solutions with greatest evidence perform better on a testset than any other solutions found. I believe there is currently no other technique thatcould reliably �nd and identify better solutions using only the training set. Essential tothis success was the simultaneous Bayesian optimisation of the three regularising constants(decay terms) �c. Optimisation of these parameters by any orthodox search technique suchas cross{validation would be laborious; if there were many more than three regularisingconstants, as could easily be the case in larger problems, it is hard to imagine any suchsearch being possible.5This brings up the question of how these Bayesian calculations scale with problem size.In terms of the number of parameters k, calculation of the determinant and inverse of theHessian scales as k3. Note that this is a computation that needs to be carried out only a smallnumber of times compared with the immense number of derivative calculations involved in atypical learning session. However, for large problems it may be too demanding to evaluatethe determinant of the Hessian. If this is the case, numerical methods are available toapproximate the determinant or trace of a matrix in k2 time [72].Application to classi�cation problemsThis chapter has thus far discussed the evaluation of the evidence for backprop networkstrained on interpolation problems. Neural networks can also be trained to perform classi-�cation tasks. A future publication [52] will demonstrate that the Bayesian framework formodel comparison can be applied to these problems too.Relation to V{C dimensionSome papers advocate the use of V{C dimension [1] as a criterion for penalising over{complex models [2, 42]. V{C dimension is most often applied to classi�cation problems;the evidence, on the other hand, can be evaluated equally easily for both interpolationand classi�cation problems. V{C dimension is a worst case measure, so it yields di�erentresults from Bayesian analysis [32]. For example, V{C dimension is indi�erent to the use ofregularisers like (3.2), and to the value of �, because the use of such regularisers does notrule out absolutely any particular network parameters. Thus V{C dimension assigns thesame complexity to a model whether or not it is regularised.6 So it cannot be used to setregularising constants � or to compare alternative regularisers. In contrast, the preceding5Radford Neal (personal communication) has pointed out that it is possible to evaluate the gradient of avalidation error with respect to parameters such as f�cg, using @Eval=@�c = @Eval=@wMP �@wMP=@�c. The�rst quantity could be evaluated by backprop, and the second term could be found within the quadratic ap-proximation which gives @wMP=@�c = A�1IcwMP, where Ic is the identity matrix for the weights regularisedby �c, and zero elsewhere. Alternatively, Radford Neal has suggested that the gradients @Eval=@�c couldbe more e�ciently calculated using `recurrent backpropagation' [61], viewing w as the vector of activities ofa recurrent network, and wMP as the �xed point whose error Eval we wish to minimise.6However, E. Levin and I.Guyon et al.[30] have developed a measure of `e�ective V{C dimension' of aregularised model. This measure is identical to 
, equation (3.12), and their predicted generalisation errorbased on Vapnik's structural risk theory has exactly the same scaling behaviour as the evidence!



CHAPTER 3. A BAYESIAN FRAMEWORK FOR BACKPROP NETWORKS 51demonstrations show that careful objective choice of regulariser and � is essential for thebest solutions to be obtained.Worst case analysis has a complementary role alongside Bayesian methods. Neither cansubstitute for the other.Future tasksFurther work is needed to formalise the relationship of this framework to the pragmaticmodel comparison technique of cross{validation. Moody's work on `generalised predictionerror' (GPE) is an interesting contribution in this direction [54]. His sampling theoryapproach predicts that the generalisation error, in �2 units, will be 1N (�2D+2
). However, Ihave evaluated the GPE for the interpolation models in this chapter's demonstration, andfound the correlation between GPE and the actual test error was poor. More work is neededto understand this.The Gaussian approximation used to evaluate the evidence breaks down when the num-ber of data points is small compared to the number of parameters. For the model problemsI have studied so far, the Gaussian approximation seemed to break down signi�cantly forN=k < 3� 1. It is a matter for further research to characterise this failure and investigatetechniques for improving the evaluation of the integral Z�M , for example the use of randomwalks on M in the neighbourhood of a solution.It is expected that evaluation of the evidence should provide an objective rule for de-ciding whether a network pruning or growing procedure should be stopped, but a carefulstudy of this idea has yet to be performed.It will be interesting to see the results of evaluating the evidence for networks appliedto larger real{world problems.Appendix: Numerical methodsQuick and dirty versionThe three numerical tasks are automatic optimisation of �c and �, calculation of error bars,and evaluation of the evidence. I will describe a cheap approximation for solving the �rstof these tasks without evaluating the Hessian. If we neglect the distinction between well{determined and poorly{determined parameters, we obtain the following update rules for �and �: �c := kc=2EcW� := N=2ED:If you want an easy{to{program taste of what a Bayesian framework can o�er, try usingthis procedure to update your decay terms.Hessian evaluationThe Hessian of M , A, is needed to evaluate 
 (which relates to Trace A�1), to evaluatethe evidence (which relates to det A), and to assign error bars to network outputs (usingA�1).I used two methods for evaluating A: a) an approximate analytic method and b) seconddi�erences. The approximate analytic method was, following Denker et al., to use backprop



52 BAYESIAN METHODS FOR ADAPTIVE MODELSto obtain the second derivatives, neglecting terms in f 00, where f is the activation functionof a neuron. The Hessian is built up as a sum of outer products of gradient vectors:rrED 'Xi;m gmi gmTi ; (3.17)where gmi = dyi(xm)dw . Unlike Denker et al., I did not ignore the o�{diagonal terms; thediagonal approximation is not good enough! For the evaluation of 
 the two methods gavesimilar results, and either approach seemed satisfactory. However, for the evaluation of theevidence, the approximate analytic method failed to give satisfactory results. The `Occamfactors' are very weak, scaling only as logN , and the above approximation apparentlyintroduces systematic errors greater than these. The reason that the evidence evaluationis more sensitive to errors than the 
 evaluation is because 
 is related to the sum ofeigenvalues, whereas the evidence is related to the product; errors in small eigenvaluesjeopardise the product more than the sum. I expect an exact analytic evaluation of thesecond derivatives [9] would resolve this. To save programming e�ort I instead used seconddi�erences, which is computationally more demanding (� kN backprops) than the analyticapproach (� N backprops). There were still problems with errors in small eigenvalues, butit was possible to correct these errors, by detecting eigenvalues which were smaller thantheoretically permitted.DemonstrationsThe demonstrations were performed as follows:Initial weights: random weights drawn from a Gaussian with �W = 0:3.Optimisation algorithm for M(w): variable metric methods, using code from [64], usedseveral times in sequence with values of the fractional tolerance decreasing from 10�4 to10�8. Every other loop, the regularising constants �c were allowed to adapt in accordancewith the re{estimation formula: �c := 
c=2EcW : (3.18)PrecautionWhen evaluating the evidence, care must be taken to verify that the permutation termg is appropriately set. It may be the case (probably mainly in toy problems) that theregulariser makes two or more hidden units in a network adopt identical connection values;alternatively some hidden units might switch o�, with all weights set to zero; in these casesthe permutation term should be smaller. Also in these cases, it is likely that the quadraticapproximation will perform badly (quartic rather than quadratic minima are likely), so itis preferable to automate the deletion of such redundant units.



53Chapter 4Information-based ObjectiveFunctions for Active DataSelection AbstractLearning can be made more e�cient if we can actively select particularly salient datapoints. Within a Bayesian learning framework, objective functions are discussed whichmeasure the expected informativeness of candidate measurements. Three alternativespeci�cations of what we want to gain information about lead to three di�erent criteriafor data selection. All these criteria depend on the assumption that the hypothesisspace is correct, which may prove to be their main weakness.4.1 IntroductionTheories for data modelling often assume that the data is provided by a source that wedo not control. However, there are two scenarios in which we are able to actively selecttraining data. In the �rst, data measurements are relatively expensive or slow, and we wantto know where to look next so as to learn as much as possible. According to Jaynes [36],Bayesian reasoning was �rst applied to this problem two centuries ago by Laplace, who inconsequence made more important discoveries in celestial mechanics than anyone else. Inthe second scenario, there is an immense amount of data and we wish to select a subset ofdata points that are most useful for our purposes. Both these scenarios will bene�t if wehave ways of objectively estimating the utility of candidate data points.The problem of `active learning' or `sequential design' has been extensively studied ineconomic theory and statistics [21, 23]. Experimental design within a Bayesian frameworkusing the Shannon information as an objective function has been studied by Lindley [44] andby Luttrell [48]. A distinctive feature of this approach is that it renders the optimisation ofthe experimental design independent of the `tests' that are to be applied to the data and theloss functions associated with any decisions. This chapter uses similar information{basedobjective functions and discusses the problem of optimal data selection within the Bayesianframework for interpolation described in chapters 2 and 3. Most of the results in thischapter have direct analogs in Fedorov [23], though the quantities involved have di�erent0Chapter 4 of Ph.D. thesis `Bayesian Methods for Adaptive Models' by David MacKay, California Instituteof Technology, submitted December 10 1991.



54 BAYESIAN METHODS FOR ADAPTIVE MODELSinterpretations: for example, Fedorov's dispersion of an estimator becomes the Bayesian'sposterior variance of the parameter. This work was directly stimulated by a presentationgiven by John Skilling at Maxent 91 [76].Recent work in the neural networks literature on active data selection, also known as`query learning', has concentrated on slightly di�erent problems: The work of Baum [5] andHwang et al. [35] relates to perfectly separable classi�cation problems only; in both thesepapers a sensible query{based learning algorithm is proposed, and empirical results of thealgorithm are reported; Baum also gives a convergence proof. But since the algorithmsare both human{designed, it is not clear what objective function their querying strategyoptimises, nor how the algorithms could be improved. In contrast, this chapter (whichdiscusses noisy interpolation problems) derives criteria from de�ned objective functions;each objective function leads to a di�erent data selection criterion. Chapter 5 will discussthe application of the same ideas to classi�cation problems.Plutowski and White [62] study a di�erent problem from the above, in the context ofnoise{free interpolation: they assume that a large amount of data has already been gathered,and work on principles for selecting a subset of that data for e�cient training; the entiredata set (inputs and targets) is consulted at each iteration to decide which example to addto the training subset, an option that is not permitted here.Statement of the problemImagine that we are gathering data in the form of a set of input{output pairs DN =fx(m); t(m)g, where m=1 : : :N . This data is modelled with an interpolant y(x;w;A). Aninterpolation modelH speci�es the `architecture'A, which de�nes the functional dependenceof the interpolant on the parameters wi, i=1 : : :k. The model also speci�es a regulariser R,or prior on w, and a cost function, or noise model N describing the expected relationshipbetween y and t. We may have more than one interpolation model, each of which may belinear or non{linear in w. Chapters 2 and 3 described the Bayesian framework for �ttingand comparing such models, assuming a �xed data set. This chapter discusses how thesame framework for interpolation relates to the task of selecting what data to gather next.Our criterion for how informative a new datum is will depend on what we are interestedin. Several alternatives spring to mind:1. If we have decided to use one particular interpolation model, we might wish to selectnew data points to be maximally informative about the values that that model'sparameters w should take.2. Alternatively, we might not be interested in getting a globally well{determined inter-polant; we might only want to be able to predict the value of the interpolant accuratelyin a limited region, perhaps at a point in input space which we are not able to sampledirectly.3. Lastly, we might be unsure which of two or more models is the best interpolationmodel, and we might want to select data so as to give us maximal information todiscriminate between the models.This chapter will study each of these tasks for the case where we wish to evaluate the utilityas a function of xN+1, the input location at which a single measurement of a scalar tN+1 willbe made. The more complex task of selecting multiple new data points will not be addressedhere, but the methods used can be generalised to solve this task, as is discussed in [23, 48].



CHAPTER 4. INFORMATION-BASED OBJECTIVE FUNCTIONS 55The similar problem of choosing the xN+1 at which a vector of outputs tN+1 is measured willnot be addressed either.The �rst and third de�nitions of information gain have both been studied in the abstractby Lindley [44]. All three cases have been studied by Fedorov [23], mainly in non{Bayesianterms. In this chapter, solutions will be obtained for the interpolation problem by usinga Gaussian approximation and in some cases assuming that the new datum is a relativelyweak piece of information. In common with most other work on active learning, the utilityis evaluated assuming that the probability distributions de�ned by the interpolation modelare correct. For some models, this assumption may be the Achilles' heel of this approach,as discussed in section 4.6.Can our choice bias our inferences?One might speculate that the way we choose to gather data might be able to bias ourinferences systematically away from the truth. If this were the case we might need to makeour inferences in a way which undoes such biases by taking into account how we gatheredthe data. In orthodox statistics many estimators and statistical tests do depend on thesampling strategy.However, the likelihood principle states that our inferences should depend on the like-lihood of the actual data received, not on other data that we might have gathered butdidn't. Bayesian inference is consistent with this principle; there is no need to undo biasesintroduced by the data collecting strategy, because it is not possible for such biases to beintroduced | as long as we perform inference using all the data gathered [8, 47]. Whenthe models are concerned with estimating the distribution of output variables t given inputvariables x, we are allowed to look at the x value of a datum, and decide whether or not toinclude the datum in the data set. This will not bias our inferences about the distributionP (tjx).4.2 Choice of information measureBefore we can start, we need to select a measure of the information gained about an unknownvariable when we receive the new datum tN+1 . Having chosen such a measure we willthen select the xN+1 for which the expected information gain is maximal. Two measures ofinformation have been suggested, both based on Shannon's entropy, whose properties as asensible information measure are well known. Let us explore this choice for the �rst task,where we want to gain maximal information about the parameters of the interpolant, w.Let the probability distributions of the parameters before and after we receive the datumtN+1 be PN (w) and PN+1(w). Then the change in entropy of the distribution is �S =SN � SN+1, where: SN = Z dkw PN(w) log m(w)PN(w) ; (4.1)where m is the measure on w that makes the argument of the log dimensionless.1 Thegreater �S is, the more information we have gained about w. In the case of the quadratic1This measure m will be unimportant in what follows but is included to avoid committing dimensionalcrimes. Note that the sign of �S has been de�ned so that our information gain corresponds to positive �S.



56 BAYESIAN METHODS FOR ADAPTIVE MODELSmodels discussed in chapter 2, if we set the measure m(w) equal to the prior P 0(w), thequantity SN is closely related to the log of the `Occam factor'.2An alternative information measure is the cross entropy between PN(w) and PN+1(w):G = Z dkwPN+1(w) log PN(w)PN+1(w) : (4.2)Let us de�ne G0 = �G so as to obtain a positive quantity; then G0 is a measure of howmuch information we gain when we are informed that the true distribution of w is PN+1(w),rather than PN(w).These two information measures are not equal. Intuitively they di�er in that if themeasurem(w) is 
at, �S only quanti�es how much the probability `bubble' of P (w) shrinkswhen the new datum arrives; G0 also incorporates a measure of how much the bubble movesbecause of the new datum. Thus according to G0, even if the probability distribution doesnot shrink and become more certain, we have learnt something if the distribution movesfrom one region to another in w{space.The question of which information measure is appropriate is potentially complicated bythe fact that G0 is not a consistent additive measure of information: if we receive datum Athen datum B, in general, G0AB 6=G0A + G0B. This intriguing complication will not howeverhinder our task: we can only base our decisions on the expectations of �S and G0; we willnow see that in expectation �S and G0 are equal, so for our purposes there is no distinctionbetween them. This result holds independent of the details of the models we study andindependent of any Gaussian approximation for P (w).Proof that E(�S) = E(G0)To evaluate the expectation of these quantities, we have to assume a probability distributionfrom which the datum tN+1 (hence abbreviated as t) comes. We will de�ne this probabilitydistribution by assuming that our current model, complete with its error bars, is correct.This means that the probability distribution of t is P (tjDN ;H), where H is the totalspeci�cation of our model. The conditioning variables on the right will be omitted in thefollowing proof.We can now compare the expectations of �S and G0.G0 = � Z dkwP (wjt) log P (w)P (wjt)= � Z dkwP (wjt) log m(w)P (wjt) + Z dkwP (wjt) log m(w)P (w) ; (4.3)where m is free to be any measure on w; let us make it the same measure m as in (4.1).Then the �rst term in (4.3) is �SN+1. SoE(G0) = �E(SN+1) + Z dtP (t) Z dkwP (wjt) log m(w)P (w)= �E(SN+1) + Z dkwP (w) log m(w)P (w)= E(�SN+1 + SN) = E(�S) �:2If the Occam factor is O:F: = (2�)k=2det� 12A exp(��EMPW )=ZW (�), then SN = logO:F:+
=2, usingnotation from chapter 2.



CHAPTER 4. INFORMATION-BASED OBJECTIVE FUNCTIONS 57Thus the two candidate information measures are equivalent for our purposes. This proofalso implicitly demonstrates that E(�S) is independent of the measure m(w). Other prop-erties of E(�S) are proved in [44]. The rest of this chapter will use �S as the informationmeasure, with m(w) set to a constant.4.3 Maximising total information gainLet us now solve the �rst task: how to choose xN+1 so that the expected information gainabout w is maximised. Intuitively we expect that we will learn most about the interpolantby gathering data at the x location where our error bars on the interpolant are currentlygreatest. Within the quadratic approximation, we will now con�rm that intuition.NotationThe likelihood of the data is de�ned in terms of a noise level �2� = ��1 by P (ftgjw; �;N ) =exp(��ED(w))=ZD; where ED(w) = Pm 12(tm � y(x(m);w))2; and ZD is the appropriatenormalising constant. The likelihood could also be de�ned with an x{dependent noise level��1(x), or correlated noise in multiple outputs (in which case ��1 would be the covariancematrix of the noise). From here on y will be treated as a scalar y for simplicity. When thelikelihood for the �rst N data is combined with a prior P (wj�;R) = exp(��EW (w))=ZW ;in which the regularising constant (or weight decay rate) � corresponds to the prior ex-pected smoothness of the interpolant, we obtain our current probability distribution for w,PN(w) = exp(�M(w))=ZM ; where M(w) = �EW +�ED . The objective function M(w)can be quadratically approximated near to the most probable parameter vector, wMP, byM(w) 'M�(w) =M(wMP) + 12�wTA�w; (4.4)where �w = w�wMP and the Hessian A = rrM is evaluated at the minimum wMP. Wewill use this quadratic approximation from here on. If M has other minima, those can betreated as distinct models as in chapter 3.First we will need to know what the entropy of a Gaussian distribution is. It is easy tocon�rm that if P (w) / e�M�(w), then for a 
at measure m(w) =m,S = k2(1 + log 2�) + 12 log �m2 detA�1� : (4.5)Thus our aim in minimising S is to make the size of the joint error bars on the parameters,detA�1, as small as possible.Expanding y around wMP, lety(x) ' y(x;wMP) + g(x) ��w; (4.6)where gj = @y@wj is the (x{dependent) sensitivity of the output variable to parameter wj,evaluated at wMP.Now imagine that we choose a particular input x and collect a new datum. If the datumt falls in the region such that our quadratic approximation applies, the new Hessian AN+1is: AN+1 ' A+ �ggT; (4.7)where we have used the approximation rr12(t�y(x;w))2 ' ggT. This expression neglectsterms in @2y@wj@wk ; those terms are exactly zero for the linear models discussed in chapter



58 BAYESIAN METHODS FOR ADAPTIVE MODELS2, but they are not necessarily negligible for non{linear models such as neural networks.Notice that this new Hessian is independent of the value that the datum t actually takes,so we can specify what the information gain �S will be for any datum, because we canevaluate AN+1 just by calculating g.Let us now see what property of a datum causes it to be maximally informative. Thenew entropy SN+1 is equal to �12 log �m2 detAN+1�, neglecting additive constants. Thisdeterminant can be analytically evaluated [23], using the identities[A+ �ggT]�1 = A�1� �A�1ggTA�11 + �gTA�1g and det [A+ �ggT] = (detA)(1+�gTA�1g); (4.8)from which we obtain:Total information gain = 12� log �m2 detA� = 12 log(1 + �gTA�1g): (4.9)In the product �gTA�1g, the �rst term � tells us that, not surprisingly, we learn moreinformation if we make a low noise (high �) measurement. The second term gTA�1g isprecisely the variance of the interpolant at the point where the datum is collected.Thus we have our �rst result: to obtain maximal information about the interpolant,take the next datum at the point where the error bars on the interpolant are currentlylargest (assuming the noise �2� on all measurements is the same). This rule is the same asthat resulting from the `D{optimal' and `minimax' design criteria [23].For many interpolation models, the error bars are largest beyond the most extremepoints where data have been gathered. This �rst criterion would in those cases lead us torepeatedly gather data at the edges of the input space, which might be considered non{ideal behaviour; but we do not necessarily need to introduce an ad hoc procedure to avoidthis. The reason we do not want repeated sampling at the edges is that we do not wantto know what happens there. Accordingly, we can derive criteria from alternative objectivefunctions which only value information acquired about the interpolant in a de�ned regionof interest.4.4 Maximising information about the interpolant in a re-gion of interestThus we come to the second task. First assume we wish to gain maximal information aboutthe value of the interpolant at a particular point x(u). Under the quadratic approximation,our uncertainty about the interpolant y has a Gaussian distribution, and the size of theerror bars is given in terms of the Hessian of the parameters by�2u = gT(u)A�1g(u);where g(u) is @y=@w evaluated at x(u). As above, the entropy of this Gaussian distributionis 12 log �2u + const. After a measurement t is made at x where the sensitivity is g, theseerror bars are scaled down by a factor of 1��2, where � is the correlation between thevariables t and y(u), given by �2=(gTA�1g(u))2=(�2u(�2� + �2x)), where �2x=gTA�1g. Thusthe information gain about y(u) is:Marginal information gain = 12� log �2u = �12 log 1� (gTA�1g(u))2�2u(�2� + �2x) ! : (4.10)



CHAPTER 4. INFORMATION-BASED OBJECTIVE FUNCTIONS 59The term gTA�1g(u) is maximised when the sensitivities g and g(u) are maximally correlated,as measured by their inner product in the metric de�ned by A�1. The second task is thussolved for the case of extrapolation to a single point. This objective function is demonstratedand criticised in section 4.6.Generalisation to multiple pointsNow imagine that the objective function is de�ned to be the information gained about theinterpolant at a set of points fx(u)g. These points should be thought of as representa-tives of the region of interest, for example, points in a test set. This case also includesthe generalisation to more than one output variable y; however the full generalisation, tooptimisation of an experiment in which many measurements are made, will not be madehere (see Fedorov [23] and Luttrell [48]). The preceding objective function, the informationabout y(u), can be generalised in several ways, some of which lead to dissatisfactory results.First objective function for multiple pointsAn obvious objective function is the joint entropy of the output variables that we areinterested in. Let the set of output variables for which we want to minimise the uncertaintybe fy(u)g, where u=1 : : :V runs either over a sequence of di�erent input locations x(u), orover a set of di�erent scalar outputs, or both. Let the sensitivities of these outputs to theparameters be g(u). Then the covariance matrix of the values fy(u)g isY = GTA�1G; (4.11)where the matrix G = hg(1)g(2) : : :g(V )i. Disregarding the possibility that Y might nothave full rank, which would necessitate a more complex treatment giving similar results, thejoint entropy of our output variables S(P (fy(u)g)) is related to log detY�1. We can �nd theinformation gain for a measurement with sensitivity vector g, under which A!A+ �ggT,using the identities (4.8).Joint information gain = 12� log detY�1 = �12 log "1� (gTA�1G)Y�1(GTA�1g)�2�+�2x # :(4.12)The row vector v=gTA�1G measures the correlations between the sensitivities g and g(u).The quadratic form vY�1vT measures how e�ectively these correlations work together toreduce the joint uncertainty in fy(u)g. The denominator �2�+�2x moderates this term infavour of measurements with small uncertainty.CriticismI will now argue that actually the joint entropy S(P (fy(u)g)) of the interpolant's values isnot an appropriate objective function. A simple example will illustrate this.Imagine that V = k, i.e., the number of points de�ning our region of interest is the sameas the dimensionality of the parameter spacew. The resulting matrixG = hg(1)g(2) : : :g(V )imay be almost singular if the points x(u) are close together, but typically it will still havefull rank. Then the parameter vector w and the values of the interpolant fy(u)g are inone to one (locally) linear correspondence with each other. This means that the changein entropy of P (fy(u)g) is identical to the change in entropy of P (w) [44]. This can becon�rmed by substitution of Y�1 =G�1AG�1T into (4.12), which yields (4.9). So if the



60 BAYESIAN METHODS FOR ADAPTIVE MODELSdatum is chosen in accordance with equation (4.12), so as to maximise the expected jointinformation gain about fy(u)g, exactly the same choice will result as is obtained maximisingthe �rst criterion, the expected total information gain about w (section 4.3)! Clearly, thischoice is independent of our choice of fy(u)g, so it will have nothing to do with our regionof interest.This criticism of the joint entropy is not restricted to the case V = k. The reason thatthis objective function does not achieve what we want is that the joint entropy is decreasedby measurements which introduce correlations among predictions about fy(u)g as well as bymeasurements which reduce the individual uncertainties of predictions. However, we don'twant the variables fy(u)g to be strongly correlated in some arbitrary way; rather we wanteach y(u) to have small variance, so that if we are subsequently asked to predict the valueof y at any one of the u's, we will be able to make con�dent predictions.Second objective function for multiple pointsThis motivates an alternative objective function: to maximise the average over u of theinformation gained about y(u) alone. Let us de�ne the mean marginal entropy,SM =Xu Pu S(P (y(u))) = 12Xu Pu log �2u + const;where Pu is the probability that we will be asked to predict y(u), and �2u = gT(u)A�1g(u). Fora measurement with sensitivity vector g, we obtain from (4.10):Mean marginal information gain = �12Xu Pu log 1� (gTA�1g(u))2�2u(�2� + �2x) ! : (4.13)The mean marginal information gain is demonstrated and criticised in section 4.6.Two simple variations on this objective function can be derived. If instead of minimisingthe mean marginal entropy of our predictions y(u), we minimise the mean marginal entropyof the predicted noisy variables t(u), which are modelled as deviating from y(u) under additivenoise of variance �2� , we obtain (4.13) with �2u replaced by �2u+�2� . This alternative maylead to signi�cantly di�erent choices from (4.13) when any of the marginal variances �2u fallbelow the intrinsic variance �2� of the predicted variable.If instead we take an approach based on loss functions, and require that the datumwe choose minimises the expectation of the mean squared error of our predictions fy(u)g,which is EM =Pu Pu�2u; then we obtain as our objective function, to leading order, �EM 'Pu Pu(gTA�1g(u))2=(�2�+�2x); this increases the bias in favour of reducing the variance ofthe variables y(u) with largest �2u. This is the same as the `Q{optimal' design [23].Comment on the case of linear modelsIt is interesting to note that for a linear model (one for which y(x;w)=Pwh�h(x)) withquadratic penalty functions, the solutions to the �rst and second tasks depend only on thex locations where data were previously gathered, not on the actual data gathered ftg; thisis because g(x) = �(x) independent of w, so A= �rrEW +�Pm ggT is independent offtg. A complete data{gathering plan can be drawn up before we start. It is only for anon{linear model that our decisions about what data to gather next are a�ected by ourprevious observations!



CHAPTER 4. INFORMATION-BASED OBJECTIVE FUNCTIONS 614.5 Maximising the discrimination between two modelsUnder the quadratic approximation, two models will make slightly di�erent Gaussian pre-dictions about the value of any datum. If we measure a datum t at input value x, thenP (tjHi) = Normal(�i; �2i );where the parameters �i; �2i are obtained for each interpolation model Hi from its own best�t parameters wMP(i), its own Hessian A, and its own sensitivity vector gi:�i = y(x;wMP(i))�2i = gTi A�1i gi + 1=�:Intuitively, we expect that the most informative measurement will be at a value of x suchthat �1 and �2 are as separated as possible from each other on a scale de�ned by �1; �2.Further thought will also con�rm that we expect to gain more information if �21 and �22di�er from each other signi�cantly; at such points, the `Occam factor' penalising the morepowerful model becomes more signi�cant.Let us de�ne the information gain to be �S = SN�SN+1, where S = �Pi P (Hi) logP (Hi):Exact calculations of �S are not analytically possible, so I will assume that we are in theregime of small information gain, i.e., we expect measurement of t to give us a rather weaklikelihood ratio P (tjH1)=P (tjH2). This is the regime where j�1��2j � �1; �2.Using this assumption we can take the expectation over t, and a page of algebra leadsto the result:E(�S)' P (H1)P (H2)2 24� 1�21 + 1�22� (�1 � �2)2 +  �21 � �22�1�2 !235 : (4.14)These two terms correspond precisely to the two expectations stated above. The �rst termfavours measurements where �1 and �2 are well separated; the second term favours placeswhere �21 and �22 di�er. Thus the third task has been solved.Fedorov [23] makes a similar derivation but he uses a poor approximation which losesthe second term.4.6 Demonstration and DiscussionA data set consisting of 21 points from a one{dimensional interpolation problem was in-terpolated with an eight hidden unit neural network. The data were generated from asmooth function by adding noise with standard deviation �� = 0:05. The neural networkwas adapted to the data using weight decay terms �c which were controlled using the meth-ods of chapter 3 and noise level � �xed to 1=�2� . The data and the resulting interpolant,with error bars, are shown in �gure 4.1a.The expected total information gain, i.e., the change in entropy of the parameters, isshown as a function of x in �gure 4.1b. This is just a monotonic function of the size ofthe error bars. The same �gure also shows the expected marginal information gain aboutthree points of interest, fx(u)g= f�1:25; 0:0; 1:75g. Notice that the marginal informationgain is in each case peaked near the point of interest, as we would expect. Note also thatthe height of this peak is greatest for x(u)=�1:25, where the interpolant oscillates rapidly,and lower for x(u)=1:75, where the interpolant is smoother. At each x=x(u), the marginalinformation gain about x(u) and the total information gain are equal.



62 BAYESIAN METHODS FOR ADAPTIVE MODELSFigure 4.1c shows the mean marginal information gain, where the points of interest,fx(u)g, were de�ned to be a set of equally spaced points on the interval [�2:1; 4:1] (thesame interval in which the training data lie). The mean marginal information gain graduallydecreases to zero away from the region of interest, as hoped. In the region to the left wherethe characteristic period of the interpolant is similar to the data spacing, the expectedutility oscillates as x passes through the existing data points, which also seems reasonable.The only surprising feature is that the estimated utility in that region is lower on the datapoints than the estimated utility in the smooth region towards the right.The Achilles' heel of these methodsThis approach has a potential weakness: there may be models for which, even though wehave de�ned the region of interest by the points fx(u)g, the expected marginal informationgain for a measurement at x still blows up as x!�1, like the error bars. This can occurbecause the information gain estimates the utility of a data point assuming that the modelis correct; if we know that the model is actually an approximation tool that is incorrect,then it is possible that undesirable behaviour will result.A simple example that illustrates this problem is obtained if we consider modelling datawith a straight line y=w1x, where w1 is the unknown parameter. Imagine that we want toselect data so as to obtain a model that predicts accurately at x(u). Then if we assume thatthe model is right, clearly we gain most information if we sample at the largest possiblejxj, since such points give the largest signal to noise ratio for determining w1. If howeverwe assume that the model is actually not correct, but only an approximation tool, thencommon sense tells us we should sample closer to x(u).Thus if we are using models that we know are incorrect, the marginal information gainis really the right answer to the wrong question. It is a task for further research to formulatea new question whose answer is appropriate for any approximation model. Meanwhile, themean marginal information gain seems a promising objective function to test further.Computational complexityThe computation of the suggested objective functions is moderately cheap once the inverseHessian A�1 has been obtained for the models concerned. This is a O(Nk2)+O(k3) process,where N is the number of data points and k is the number of parameters; this process mayalready have been performed in order to evaluate error bars for the models, to evaluate the`evidence', to evaluate parameter `saliencies', and to enable e�cient learning. This cost canbe compared with the cost of locating a minimum of the objective function M , which in theworst case scales as O(Nk3) (taking the result for a quadratic function). Evaluation of themean marginal information gain at C candidate points x then requires O(Ck2)+O(CV k)time, where V is the number of points of interest x(u) (O(k2) to evaluate A�1g for each x,and O(V k) to evaluate the dot product of this vector with each g(u)). So if C=O(k) andV =O(k), evaluation of the mean marginal information gain will be less computationallyexpensive than the inverse Hessian evaluation.For contexts in which this is too expensive, work in progress is exploring the possibilityof reducing these calculations to O(k2) or smaller time by statistical methods.The question of how to e�ciently search for the most informative x is not addressed here;gradient{based methods could be constructed, but �gure 4.1c shows that the informationgain may be locally non{convex, on a scale de�ned by the inter{datum spacing.
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Figure 4.1: Demonstration of total and marginal information gaina) The data set, the interpolant, and error bars. b) The expected total information gain and threemarginal information gains. c) The mean marginal information gain, with the region of interestde�ned by 300 equally spaced points on the interval [�2:1; 4:1]. The information gains are shownon a scale of nats (1 nat = log2 e bits).



64 BAYESIAN METHODS FOR ADAPTIVE MODELS4.7 ConclusionFor three speci�cations of the information to be maximised, a solution has been obtained.The solutions apply to linear and non{linear interpolation models, but depend on the valid-ity of a local Gaussian approximation. Each solution has a direct analog in the non{Bayesianliterature [23], and generalisations to multiple measurements and multiple output variablescan be found there, and also in [48].In each case a function of x has been derived that predicts the information gain fora measurement at that x. This function can be used to search for an optimal value of x(which in large{dimensional input spaces may not be a trivial task). This function couldalso serve as a way of reducing the size of a large data set by omitting the data points thatare expected to be least informative. And this function could form the basis of a stoppingrule, i.e., a rule for deciding whether to gather more data, given a desired exchange rate ofinformation gain per measurement [44].A possible weakness of these information{based approaches is that they estimate theutility of a measurement assuming that the model is correct. This might lead to undesirableresults. The search for ideal measures of data utility is still open.



65Chapter 5The Evidence Framework appliedto Classi�cation NetworksAbstractThree Bayesian ideas are presented for supervised adaptive classi�ers. First, it isargued that the output of a classi�er should be obtained by marginalising over the pos-terior distribution of its parameters; a simple approximation to this integral is proposedand demonstrated. This involves a `moderation' of the most probable classi�er's out-puts, and yields improved performance. Second, it is demonstrated that the Bayesianframework for model comparison described for regression models in chapters 2 and 3can also be applied to classi�cation problems. This framework successfully chooses themagnitude of weight decay terms, and ranks solutions found using di�erent numbersof hidden units. Third, an information{based data selection criterion is derived anddemonstrated within this framework.5.1 IntroductionA quantitative Bayesian framework has been described for learning of mappings in feed-forward networks in chapters 2 and 3. It was demonstrated that this `evidence' frameworkcould successfully choose the magnitude and type of weight decay terms, and could choosebetween solutions using di�erent numbers of hidden units. The framework also gives quan-ti�ed error bars expressing the uncertainty in the network's outputs and its parameters. Inchapter 4 information{based objective functions for active learning were discussed withinthe same framework.These three chapters concentrated on interpolation (regression) problems. Neural net-works can also be trained to perform classi�cation tasks.1 This chapter will show that theBayesian framework for model comparison can be applied to these problems too.Assume that a set of candidate classi�cation models are �tted to a data set, usingstandard methods. Three aspects of the use of classi�ers can then be distinguished:1. The individual classi�cation models are used to make predictions about new targets.0Chapter 5 of Ph.D. thesis `Bayesian Methods for Adaptive Models' by David MacKay, California Instituteof Technology, submitted December 10 1991.1In regression the target variables are real numbers, assumed to include additive errors; in classi�cationthe target variables are discrete class labels.



66 BAYESIAN METHODS FOR ADAPTIVE MODELS2. The alternative models are ranked in the light of the data.3. The expected utility of alternative new data points is estimated for the purpose of`query learning' or `active data selection'.This chapter will present Bayesian ideas for these three tasks. Other aspects of classi�ersuse such as prediction of generalisation ability are not addressed.First let us review the framework for supervised adaptive classi�cation.Derivation of the objective function G = P t ln pThe same notation and conventions will be used as in chapters 2 and 3. Let the data set beD = fx(m); tmg, m = 1 : : :N . In a classi�cation problem, each target tm is a binary (0/1)variable (more than two classes can also be handled [15]), and the activity of the outputof a classi�er is viewed as an estimate of the probability that t = 1. It is assumed thatthe classi�cation problem is noisy, that is, repeated sampling at the same x would producedi�erent values of t with certain probabilities; those probabilities, as a function of x, arethe quantities that a discriminative classi�er is intended to model. It is well known thatthe natural objective function in this case is an information{based distance measure, ratherthan the sum of squared errors [15, 33, 34, 78].A classi�cation model H consists of a speci�cation of its architecture A and the reg-ulariser R for its parameters w. When a classi�cation model's parameters are set to aparticular value, the model produces an output y(x;w;A) between 0 and 1, which is viewedas the probability P (t= 1jx;w;A). The likelihood, i.e., the probability of the data2 as afunction of w, is then: P (D jw;A) = Ym ytm(1� y)1�tm= expG(D jw;A);where G(D jw;A) =Xm tm log y + (1� tm) log(1� y): (5.1)This is the probabilistic motivation for the cross{entropy objective function P p log qp . Nowif we assign a prior to alternative parameter vectors w,P (wjf�cg;A;R) = exp(�Pc �cE(c)W )ZW ; (5.2)where E(c)W is a cost function for a subset (c) of the parameters, and �c is the associatedregularisation constant (see chapter 3), we obtain a posterior:P (wjD; f�cg;A;R) = exp(�Pc �cE(c)W +G)ZM ; (5.3)where ZW and ZM are the appropriate normalising constants. Thus, the identical frameworkis obtained to that in chapter 3, with �G replacing the term �ED. Note that in contrastto the framework in chapter 3 there is now no free parameter � and no ZD(�). If howevera teacher were to supply probability estimates t instead of binary targets, then a constant2Strictly this is the probability of ftmg given fx(m)g;w;A; the density over fxg is not modelled by the`discriminative' classi�ers discussed in this chapter.



CHAPTER 5. THE EVIDENCE APPLIED TO CLASSIFICATION 67equivalent to � would appear, expressing the precision of the teacher's estimates. Thisconstant would correspond to the e�ective number of observations on which the teacher'sopinion is based.The calculation of the gradient and Hessian of G is as easy as for a quadratic ED, ifthe output unit's activation function is the traditional logistic f(a) = 1=(1 + e�a), or thegeneralised `softmax' in the case of more than two classes [15]. The appropriateness of alogisitic output function for a classi�er is well known: it is the function that converts a logprobability ratio a into a probability f(a).Gradient: If y(x(m)) = f(a(x(m))) as de�ned above, the gradient of G with respewct tothe parameters w is rG =Xm (tm � y)g(m); (5.4)where g(m) = @a=@wjx=x(m) .Hessian: The Hessian can be analytically evaluated [9], but a useful approximation ne-glecting terms in @2a=@2w is: rrG ' �Xm f 0g(m)gT(m): (5.5)This approximation is expected to be adequate for the evaluation of error bars, for use indata selection and for the evaluation of the number of well{determined parameters 
. Amore accurate evaluation of the Hessian is probably needed for estimation of the evidence.In this chapter's demonstrations, the Hessian is evaluated using second di�erences.Validity of approximationsOn account of the central limit theorem, we expect the posterior distribution to converge toa set of locally Gaussian peaks with increasing quantities of data. However, the quadraticapproximation to G is expected to converge more slowly than the quadratic approximationto ED, the error function for regression models, because (a) G is not a quadratic functioneven for a linear model (a model for which a = Pwh�h(x)): each term in G has thelarge scale form of a ramp function; and (b) only inputs which fall in the `bend' of theramp contribute curvature to G. If we have the opportunity for active data selection wecould improve the convergence of this quadratic approximation by selecting inputs that areexpected to contribute maximal curvature. A related data selection criterion is derived insection 5.4.5.2 Every classi�er should have two sets of outputsConsider a classi�er with output y(x;w) = f(a(x;w)). Assume that we receive data D andinfer the posterior probability of the parameters w (i.e., we perform `learning'). Now if weare asked to make predictions with this classi�er, it is common for the most probable or best�t parameter vector wMP to be used as the sole representative of the posterior distribution.This strategy seems unwise, however, since there may be regions in input space where theposterior ensemble is very uncertain about what the class is; in such regions the output of thenetwork should be y ' 0:5 (assuming equiprobable classes a priori), whereas typically thenetwork with parameters wMP will give a more extreme, unrepresentative and overcon�dent



68 BAYESIAN METHODS FOR ADAPTIVE MODELSoutput. The error bars on the parameters should be taken into account when predictions aremade.In regression problems, it is also important to calculate error bars on outputs, but theproblem is more acute in the case of classi�cation because, on account of the non{linearoutput, the mean output over the posterior distribution is not equal to the most probablenetwork's output. To obtain an output representative of the posterior ensemble of networksaround wMP, we need to moderate the output of the most probable network in relation tothe error bars on wMP.Of course this idea of averaging over the hidden parameters is not new: marginalisationgoes back to Laplace. More recently, and in a context closer to the present one, the samemessage can be found for example in [79]. But it seems that most practitioners of adaptiveclassi�cation do not currently use marginalisation.I suggest that any classi�er should have two sets of outputs. The �rst set would give theusual class probabilities corresponding to wMP, y(x;wMP); these outputs would be used forlearning, i.e., for calculating the error signals for optimisation ofwMP. The second set wouldbe the moderated outputs y(x;P (wjD)) = R dkw y(x;w)P (wjD); these outputs would beused for all other applications, e.g., prediction, evaluation of test error, and for evaluatingthe utility of candidate data points (section 5.4). Let us now discuss how to calculate themoderated outputs. It will then be demonstrated that these outputs do indeed make betterpredictions.Calculating the moderated outputsIf we assume a locally Gaussian posterior probability distribution3 over w = wMP + �w,P (wjD) ' P (wMP) exp(�12�wTA�w), and if we assume that the activation a(x;w) is a lo-cally linear function of w with @a=@w = g, then for any x, the activation a is approximatelyGaussian distributed:P (a(x)jD) = Normal(aMP; s2) = 1p2�s2 exp �(a� aMP)22s2 ! ; (5.6)where aMP=a(x;wMP) and s2=gTA�1g. This means that the moderated output is:P (t=1jx; D) =  (aMP; s2) � Z da f(a) Normal(aMP; s2): (5.7)This is to be contrasted with the most probable network's output, y(x;wMP)=f(aMP). Theintegral of a sigmoid times a Gaussian cannot be solved analytically; here I suggest a simplenumerical approximation to it: (aMP; s2) ' �(aMP; s2) � f(�(s)aMP) (5.8)with � = 1=p1 + �s2=8. This approximation is not globally accurate over (aMP; s2), (forlarge s2 > a the function should tend to an error function, not a logisitic) but it breaksdown gracefully. The value of � was chosen so that the approximation has the correct gainat aMP=0, as s2!1. A representative of this approximation is given in �gure 5.1 whichcompares � and �0 with numerical evaluations of  and  0. A similar approximation interms of the error function is suggested in [79].3Conditioning variables such as A;R; f�cg will be omitted in this section, since the emphasis is not onmodel comparison.
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log psi’Figure 5.1: Approximation to the moderated probability(a) The function  (a; s2), evaluated numerically. In (b) the functions  (a; s2) and �(a; s2) de�nedin the text are shown as a function of a for s2 = 4. In (c), the di�erence �� is shown for the sameparameter values. In (d), the breakdown of the approximation is emphasised by showing log�0 andlog 0 (derivatives with respect to a). The errors become signi�cant when a�s.If the output is immediately used to make a (0/1) decision, then the use of moderatedoutputs will make no di�erence to the performance of the classi�er (unless the costs asso-ciated with error are assymetrical), since both functions pass through 0:5 at aMP=0. Butmoderated outputs will make a di�erence if a more sophisticated penalty function is in-volved. In the following demonstration the performance of a classi�er's outputs is measuredby the value of G achieved on a test set.A model classi�cation problem with two input variables and two possible classes is shownin �gure 5.2a. Figure 5.2b illustrates the output of a typical trained network, using its mostprobable parameter values. Figure 5.2c shows the moderated outputs of the same network.Notice how the moderated output is similar to the most probable output in regions wherethe data are dense. In contrast, where the data are sparse, the moderated output becomessigni�cantly less certain than the most probable output; this can be seen by the wideningof the contours. Figure 5.2d shows the correct posterior probability for this problem giventhe knowledge of the true class densities.Several hundred neural networks having two inputs, one hidden layer of sigmoid unitsand one sigmoid output unit were trained on this problem. During optimisation, the secondweight decay scheme of chapter 3 was used, using independent decay rates for each of threeweight classes: hidden weights, hidden unit biases, and output weights and biases. Thiscorresponds to the prior that models the weights in each class as coming from a Gaussian; thescale of the Gaussians for di�erent classes are independent and are speci�ed by regularisingconstants �c. Each regularising constant is optimised on line by intermittently updating itto its most probable value as estimated within the `evidence' framework.The prediction abilities of a hundred networks using their `most probable' outputs andusing the moderated outputs suggested above are compared in �gure 5.3. It can be seen
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Figure 5.2: Comparison of most probable outputs and moderated outputs for atoy problema) The data set. The data were generated from six circular Gaussian distributions, three Gaussiansfor each class. The training sets for the demonstrations use between 100 and 1000 data points drawnfrom this distribution. b) (Upper right) `Most probable' output of an eight hidden unit networktrained on 100 data points. The contours are equally spaced between 0.0 and 1.0. c) (Lower left)`Moderated' output of the network. Notice that the output becomes less certain compared with themost probable output as the input moves away from regions of high training data density. d) Thetrue posterior probability, given the class densities that generated the data. The viewpoint is fromthe upper right corner of (a). In (b,c,d) a common grey scale is used, linear from 0 (dark grey) to 1(light grey).
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Figure 5.3: Moderation is a good thing!The training set for all the networks contained 300 data points. For each network, the test error ofthe `most probable' outputs and the `moderated' outputs were evaluated on a test set of 5000 datapoints. The test error is the value of G. Note that for most solutions, the moderated outputs makebetter predictions.that the predictions given by the moderated outputs are in nearly all cases superior. Theimprovement is most substantial for underdetermined networks with relatively poor perfor-mance. In a small fraction of the solutions however, especially among the best solutions,the moderated outputs are found to have slightly but signi�cantly inferior performance.5.3 Evaluating the evidenceHaving established how to use a particular model H = fA;Rg with given regularisingconstants f�cg to make predictions, we now turn to the question of model comparison. Asdiscussed in chapter 2, three levels of inference can be distinguished: parameter estimation,regularisation constant determination, and model comparison.4 The second two levels ofinference both require `Occam's razor'; that is, the solution that best �ts the data is notthe most plausible model, and we need a way to balance goodness of �t against complexity.Bayesian inference embodies such an Occam's razor automatically.At the �rst level, a model H, with given regularising constants f�cg is �tted to the dataD. This involves inferring what value the parameters w should probably have. Bayes' rulefor this level of inference has the form:P (wjD; f�cg;H) = P (Djw; f�cg;H)P (wjf�cg;H)P (Djf�cg;H) : (5.9)Throughout this thesis this posterior is approximated locally by a Gaussian:P (wjD; f�cg;H) = exp(�M(w))ZM ' exp(�MMP � 12�wTA�w)Z�M ; (5.10)4The use of a speci�ed model to predict the class of a datum can be viewed as the zeroeth level ofinference.
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Figure 5.4: Test error versus data errorThis �gure illustrates that the task of ranking solutions to the classi�cation problem requires Occam'srazor; the solutions with smallest data error do not generalise best.where �w = w �wMP, M(w) =Pc �cE(c)W � G, and A = rrM .At the second level of inference, the regularising constants are optimised:P (f�cgjD;H) = P (Djf�cg;H)P (f�cgjH)P (DjH) : (5.11)The data{dependent term P (Djf�cg;H) is the `evidence', the normalising constant fromequation (5.9). The evaluation of this quantity and the optimisation of the parameters f�cgis accomplished using a framework due to Gull and Skilling, discussed in detail in chapters2 and 3.Finally, at the third level of inference, the alternative models are compared:P (HjD) / P (DjH)P (H): (5.12)Again, the data's opinion about the alternatives is given by the evidence from the previouslevel, in this case P (DjH).Omitting the details of the second level of inference, since they are identical to themethods in chapter 3, this demonstration presents the �nal inferences, the evidence foralternative solutions. The evidence is evaluated within the Gaussian approximation fromthe properties of the `most probable' �t wMP, and the error barsA�1, as described in chapter2. Figure 5.4 shows the test error (calculated using the moderated outputs) of the solutionsagainst the data error, and the `Occam's razor' problem can be seen: the solutions withsmallest data error do not generalise best. Figure 5.5 shows the log evidence for the solutionsagainst the test error, and it can be seen that a moderately good correlation is obtained. Thecorrelation is not perfect. It is speculated that the discrepancy is mainly due to inaccurateevaluation of the evidence under the quadratic approximation, but further study is neededhere. Finally, �gure 5.6 explores the dependence of the correlation between evidence andgeneralisation on the amount of data. It can be seen that the correlation improves as thenumber of data points in the test set increases.
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Figure 5.5: Test error versus evidenceEach solution was found using the same training set of N = 300 data points. All solutions in which asymmetry was detected among the hidden units were omitted from this graph because the evidenceevaluation for such solutions is unreliable.
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Figure 5.6: Correlation between test error and evidence as the amount of datavaries.a) N = 150 data points. b) N = 600 data points. c.f. Figure 5.5, for which N = 300. Forcomparison, the number of parameters in a typical (10 hidden unit) network is 41. Note that onlyabout 25% of the data points fall in informative decision regions; so the e�ective number of datapoints is smaller in each case; bear in mind also that each data point only consists of one bit.All solutions in which a symmetry was detected among the hidden units were omitted because theevidence evaluation for such solutions is unreliable.



74 BAYESIAN METHODS FOR ADAPTIVE MODELS5.4 Active learningAssume now that we have the opportunity to select the input x where a future datumwill be gathered (`query learning'). Several papers have suggested strategies for this activelearning problem, for example Hwang et al. [35] propose that samples should be made onand near the current decision boundaries. This strategy and that of Baum [5] are bothhuman{designed strategies and it is not clear what objective function if any they optimise,nor is it clear how the strategies could be improved. In this chapter, as in chapter 4,the philosophy will be to derive a criterion from a de�ned sensible objective function thatmeasures how useful a datum is expected to be. This criterion may then be used as a guidefor query learning, or for the alternative scenario of pruning uninformative data points froma large data set.DesiderataLet us criticise Hwang et al.'s strategy to try to establish a reasonable objective function.The strategy of sampling on decision boundaries is motivated by the argument that weare unlikely to gain information by sampling in a region where we are already con�dentof the correct classi�cation. But similarly, if we have already sampled a great deal on oneparticular boundary then we don't gain useful information by repeatedly sampling thereeither, because the location of the boundary has been established! Repeated sampling atsuch locations generates data with large entropy that are `informative' in the same way thatwhite noise is informative. There must be more to the utility of a sample than its distancefrom a decision boundary. We would prefer to sample near boundaries whose locationhas not been well determined, because this would probably enable us to make more precisepredictions there. Thus we are interested in measurements which conveymutual informationabout the unknowns that we are interested in.A second criticism is that a strategy that only samples near existing boundaries is notlikely to make new discoveries; a strategy that also samples near potential boundaries isexpected to be more informative. A �nal criticism is that to be e�cient, a strategy shouldtake into account how in
uential a datum will be: some data may convey information aboutthe discriminant over a larger region than others. So we want an objective function thatmeasures the global expected informativeness of a datum.Objective functionThis chapter will study the `mean marginal information'. This objective function wassuggested in chapter 4, and a discussion of why it is probably more desirable than the jointinformation is given there. To de�ne this objective function, we �rst have to de�ne a regionof interest. (The objective of maximal information gain about the model's parameterswithout a region of interest would lead us to sample at unsampled extremes of the inputspace.) Here this region of interest will be de�ned by a set of representative points x(u),u = 1 : : :V , with a normalised distribution Pu on them. Pu can be interpreted as theprobability that we will be asked to make a prediction at x(u). (The theory could beworked out for the case of a continuous region de�ned by a density �(x), but the discretecase is preferred since it relates directly to practical implementation.) The marginal entropyof a distribution over w, P (w), at one point x(u) is de�ned to beS(u)M = yu log yu + (1� yu) log(1� yu); (5.13)



CHAPTER 5. THE EVIDENCE APPLIED TO CLASSIFICATION 75where yu = y(x(u);P (w)) is the average output of the classi�er over the ensemble P (w).Under the Gaussian approximation for P (w), yu is given by the moderated output (5.7),and may be approximated by �(aMPu ; s2u) (5.8).The mean marginal entropy is�SM(P (w)) =Xu PuS(u)M : (5.14)The sampling strategy studied here is to maximise the expected change in mean marginalentropy. (Note that our information gain is minus the change in entropy.)Estimating marginal entropy changesLet a measurement be made at x. The result of this measurement is either t = 1 ort=0. Assuming that our current model, complete with Gaussian error bars, is correct, theprobability of t=1 is  (aMP(x); s2(x))'�(aMP; s2). We wish to estimate the average changein marginal entropy of tu at x(u) when this measurement is made.This problem can be solved by calculating the joint probability distribution P (t; tu) oft and tu, then �nding the mutual information between the two variables. The four valuesof P (t; tu) have the form:P (t=1; tu=1) = Z Z da dau f(a)f(au) 1Z exp��12�aT��1�a�; etc:; (5.15)where �aT = (�a;�au) and the activations a = aMP+�a and au = aMPu +�au are assumedto have a Gaussian distribution with covariance matrix� =  gTA�1g gTA�1g(u)gTA�1g(u) gT(u)A�1g(u) ! �  s2 �ssu�ssu s2u ! : (5.16)The normalising constant is Z = 2�ssu(1� �2) 12 . The expected change in entropy of tu is:E(�S(u)M jt) = S(P (t; tu))� S(P (t))� S(P (tu)): (5.17)Notice that this mutual information is symmetric in t and tu. We can approximateE(�S(u)M jt)by Taylor{expanding P (t; tu) about independence (� = 0). The �rst order perturbation toP (t; tu) introduced by � can be written in terms of a single variable c:P (t=1; tu=1) = P (t=1)P (tu=1) + c P (t=1; tu=0) = P (t=1)P (tu=0)� cP (t=0; tu=1) = P (t=0)P (tu=1)� c P (t=0; tu=0) = P (t=0)P (tu=0) + c: (5.18)Taylor{expanding (5.17), we �ndE(�S(u)M jt) ' � 1P (t=1)P (tu=1)P (t=0)P (tu=0) c2=2: (5.19)Finally, we Taylor{expand (5.15) so as to obtain the dependence of c on the correlationbetween the activations. The derivative of P (t=1; tu=1) with respect to � at � = 0 is@@�P (t=1; tu=1) = Z Z da dau f(a)f(au)�a�aussu 1Z exp��12�aT��1�a�= s 0(aMP; s2) su 0(aMPu ; s2u);



76 BAYESIAN METHODS FOR ADAPTIVE MODELSwhere  is the moderated probability de�ned in (5.8) and  0 denotes @ =@a. This yieldsc ' � @@�P (t=1; tu=1) = gTA�1g(u)  0(aMP; s2) 0(aMPu ; s2u): (5.20)Substituting this into (5.19), we �ndE(�S(u)M jt) ' �(gTA�1g(u))2  0(aMP; s2)2  0(aMPu ; s2u)22 P (t=1)P (tu=1)P (t=0)P (tu=0) : (5.21)Assuming that the approximation  ' � � f(�(s)aMP) is good, we can numericallyapproximate @ (aMP; s2)=@a by �(s)f 0(�(s)aMP).5 Using f 0 = f(1� f) we obtainE(�S(u)M jt) ' ��(s)2�(su)2 f 0(�(s)aMP)f 0(�(su)aMPu ) (gTA�1g(u))2=2: (5.22)The two f 0 terms in this expression correspond to the two intuitions that sampling neardecision boundaries is informative, and that we are able to gain more information aboutpoints of interest if they are near boundaries. The term (gTA�1g(u))2 modi�es this tendencyin accordance with the desiderata.The expected mean marginal information gain is computed by adding up the �S(u)M sover the representative points x(u). The resulting function is plotted on a grey scale in �gure5.7, for the network solving the toy problem described in �gure 5.2. For this demonstrationthe points of interest x(u) were de�ned by drawing 100 input points at random from thetest set. A striking correlation can be seen between the regions in which the moderatedoutput is uncertain and regions of high expected information gain. In addition the expectedinformation gain tends to increase in regions where the training data were sparse.Now to the negative aspect of these results. The regions of greatest expected informationgain lie outside the region of interest to the right and left; these regions extend in longstraight ridges hundreds of units away from the data. This estimation of utility, whichreveals the `hyperplanes' underlying the model, seems unreasonable. The utility of pointsso far from the region of interest, if they occurred, could not really be so high. Thereare two plausible explanations of this. It may be that the Taylor approximations used toevaluate the mean marginal information are at fault, in particular (5.20). Or as discussedin chapter 4, the problem might arise because the mean marginal information estimatesthe utility of a point assuming that the model is true; if we assume that the classi�cationsurface really can be described in terms of hyperplanes in the input space, then it maybe that the greatest torque on those planes can be obtained by sampling away from thecore of the data. Comparison of the approximation (5.22) with numerical evaluations of�S(u)M indicate that the approximation is never more than a factor of two wrong. Thus thelatter explanation is favoured, and we must tentatively conclude that the mean marginalinformation gain is likely to be most useful only for models well matched to the real world.5.5 DiscussionModerated outputs: The idea of moderating the outputs of a classi�er in accordancewith the uncertainty of its parameters should have wide applicability, for example to hid-den Markov models for speech recognition. Moderation should be especially important5This approximation becomes inaccurate where aMP� s� 1 (see �gure 5.1c). Because of this it mightbe wise to use numerical integration then implement �S(u)M in look{up tables.
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Figure 5.7: Demonstration of expected mean marginal information gainThe mean marginal information gain was computed for the network demonstrated in �gures 5.2b,c.The region of interest was de�ned by 100 data points from the test set. The grey level represents theutility of a single observation as a function of where it is made. The darkest regions are expectedto yield little information, and white corresponds to large expected information gain. The contoursthat are superposed represent the moderated output of the network, as shown in �gure 5.2c. Themean marginal information gain is quanti�ed: the grey scale is linear from 0 to 0.0025 nats.



78 BAYESIAN METHODS FOR ADAPTIVE MODELSwhere a classi�er is expected to extrapolate to points outside the training region. There ispresumably a relationship of this concept to the work of Seung et al. [69] on generalisation`at non{zero temperature'.If the suggested approximation to the moderated output and its derivative is founddissatisfactory, a simple brute force solution would be to set up a look{up table of valuesof  (a; s2) and  0(a; s2).It is likely that an implementation of marginalisation that will scale up well to largeproblems will involve Monte Carlo methods [56].Evidence: The evidence has been found to be well correlated with generalisation ability.This depends on having a su�ciently large amount of data. There remain open questions,including what the theoretical relationship between the evidence and generalisation abilityis, and how large the data set must be for the two to be well correlated; how well thesecalculations will scale up to larger problems; and when the quadratic approximation for theevidence breaks down.Mean marginal information gain: This objective function was derived with activelearning in mind. It could also be used for selection of a subset of a large quantity of data,as a �lter to weed out fractions of the data which are unlikely to be informative. UnlikePlutowski and White's approach [62] this �lter only depends on the input variables in thecandidate data. A strategy that selectively omits data on the basis of their output valueswould violate the likelihood principle and risk leading to inconsistent inferences.A comparison of the mean marginal information gain in �gure 5.7 with the contours ofthe most probable networks output in �gure 5.2b indicates that this proposed data selectioncriterion o�ers some improvements over the simple strategy of just sampling on and neardecision boundaries: the mean marginal information gain shows a plausible preference forsamples in regions where the decision boundary is uncertain. On the other hand, thiscriterion may give artefacts when applied to models that are poorly matched to the realworld. How useful the mean marginal information gain will be for real applications remainsan open question.



79Chapter 6Inferring an Input-dependentNoise Level AbstractAssume that when interpolating a data set, we wish to model an input{dependentnoise level. This short chapter shows how to calculate an unbiased gradient.Given a data set D = fxm; tmg modelled with an interpolant{plus{noise model tm =y(xm;w) + �m, chapter 2 described the Bayesian framework for regularisation and modelcomparison assuming a single global noise level ��1 = �2� . It is also possible to inventmodels in which � is x{dependent. For example we might use two coupled neural networks,the �rst of which predicts y(x), and the second of which predicts log �(x). These networkswould be coupled in that the gradient of the objective function for each network would becalculated by consulting the output of the other. Intuitively, if the �rst network's errorsin the neighbourhood of x are large, then we encourage the second network to give a largevalue of ��1(x) = �2�(x) there; and similarly the error signals that teach the �rst networkneed to be scaled up and down by the second network | where there is a small value of�2�(x), errors are penalised more strongly.What should the gradients for optimisation of such a model be? A simple approachwould be to maximise the likelihood of the data. For the traditional quadratic model, thelog likelihood of the data is �Pm �(xm)EDm + Pm 12 log �(xm), where EDm = 12(tm �y(xm;w))2. However, maximisation of this function would lead to biased estimates of �(x).As was discussed earlier, the maximum likelihood noise estimate is not the most probablevalue of the noise. This distinction is not caused by the use of priors; rather it is a result ofmarginalisation. The worst symptom of maximising the likelihood would be that in regionsin which data is sparse, such that the best �t interpolant passes very close to the data, themaximum likelihood estimate of � blows up: the estimated noise level goes to zero.Separating the two levels of inferenceLet us consider the case of a single noise level �2 for a moment, and imagine that we areestimating a single parameter � corresponding to the mean of a Gaussian cluster. Wealready examined this problem in chapter 2. The likelihood, as a function of � and �2, hasa skew peak. The maximum is located at (�x; �2N), where �2N =P(x� �x)2=N , but this peak0Chapter 6 of Ph.D. thesis `Bayesian Methods for Adaptive Models' by David MacKay, California Instituteof Technology, submitted December 10 1991.



80 BAYESIAN METHODS FOR ADAPTIVE MODELSis not in the same place as the centre of mass of the likelihood. When we marginalise over�, with a 
at prior, we �nd that the most probable value of �2 is �2N�1 =P(x� �x)2=(N�1).The subtraction of one from the denominator represents the fact that one parameter � hasbeen determined by the data, which typically consumes one unit (�2) of noise. It is wellknown that �2N and �2N�1 are respectively `biased' and `unbiased' estimators of variance.The generalisation of this distinction has already been given. When we �t a regularisedinterpolation model, there are distinct levels of inference. At the �rst level, we assume aparticular noise level � and regularisation constant �, and �nd the most probable parametersw with error bars. Then at the second level of inference, we compare alternative values of �,and alternative values of �. When this separation is made, we �nd that the most probablenoise level is given by �2 = 2ED=(N � 
), where 
 is the number of well{determinedparameters. This quantity will be signi�cantly less than the total number of parameters kif the regulariser (prior) is playing a signi�cant role in determining the interpolant. Theseparation of the two levels of inference and the use of marginalisation thus leads to anunbiased estimator for � and an automatic Occam's razor for the choice of �.Let us now see how this should work in the case of an x{dependent noise level.At the �rst level of inference, the gradients with respect to model parameters will becalculated in the obvious way: @M=@w = �@EW =@w+Pm �(xm)@EDm=@w.The second level of inference centres on the log evidence for � and �, which can bewritten (neglecting additive constants):logP (Dj�; �(x);H) = ��EMPW �Xm �(xm)EMPDm� 12 log detA� logZW (�)+Xm 12 log �(xm):(6.1)The most probable values of � and �, if we have a 
at prior, are obtained by maximisingthe log evidence. Of course if we infer an x{dependent noise level, we typically will beimposing a prior on �(x) by the choice of model; in this case we will still need the gradientof the evidence, which at this level serves as the likelihood driving the learning. When wedi�erentiate the evidence with respect to log �(xm), we obtain:@ log P (Dj�; �;A;R)@ log �(xm) = ��(xm)EMPDm � 12�(xm) Trace hA�1Bmi+ 12 ; (6.2)where �(xm)Bm is the contribution to A made by the mth datum, which in the caseof a linear model is �(xm)Bm = �(xm)gmgTm, with gm = @y(xm)=@w. The quantityTrace �A�1Bm� is precisely the magnitude of the error bars on the interpolant at xm,gTmA�1gm. Thus the term �(xm)Trace �A�1Bm� = gTmA�1gm=�2(xm) is the ratio of theerror bars on the interpolant to the presumed variance of the measurement at xm. Thequantity 
m � 1 � gTmA�1gm=�2(xm) is a measure of how good a noise measurement thedatum at xm contributed.The gradient can then be written:@ logP (Dj�; �;A;R)@ log �(xm) = ��(xm)EMPDm + 
m=2: (6.3)The terms 
m are easy to evaluate from the error bars at xm. It can be noted that in thecase of an isolated data point, the contribution to the gradient is well{behaved, becauseEDm and 
 both go to zero. So there is no singular behaviour involving � blowing up, asoccurs if the likelihood is maximised.If 
m ' 0, the interpolant is determined locally only by the datum at xm, and themeasurement gives no information about the noise. If 
m ' 1, the interpolant is locally



CHAPTER 6. INFERRING AN INPUT-DEPENDENT NOISE LEVEL 81determined more by the other measurements and by the regulariser than by tm, and theerror EDm does convey information about the noise level.The similarity of 
m to the concept of the number of well{determined parameters, 
,will be obvious, and in fact there is a mathematical relationship too. The number ofbad noise measurements is identical to the number of well{determined parameters, i.e.,Pm(1� 
m) = 
.An implementation of this framework will depend on two further issues. First, a priorshould of course be placed on the parameters of the network that produces log �(x); thisprior might contain unknown regularisation constants which can be controlled using themethods of chapter 3. Secondly, the management of these di�erent levels of optimisationwill not be trivial. A suggested procedure is to start optimising the noise model only oncethe interpolant is �tting the data quite well; then the three levels (�tting the interpolant,inferring the noise level, and setting regularisation constants of the noise model) could beoptimised cyclically.



82 BAYESIAN METHODS FOR ADAPTIVE MODELSChapter 7PostscriptIt is common that, following several years' devotion to a religion, a student's views aboutthat religion will have matured. This postscript is intended to communicate the reservationsand criticisms I now have about the Bayesian methods described, and the open questionsand problems that remain.7.1 The closed hypothesis spaceBayesian hard{liners often thump the `Cox axioms' drum, proclaiming that consistent in-ference can only be Bayesian; but it is rarely made clear what Cox's axioms are. In factCox's result assumes (among other things) that we are performing inductive inference in ade�ned closed hypothesis space.This is a two edged sword. The good aspect is that Bayesian inductive inference cannotproceed until all properties of our hypothesis space have been articulated; thus we areforced to make explicit all our assumptions. Furthermore, once the hypothesis space isde�ned, Bayesian inference is a mechanical and well{de�ned process. Bayesianism does notneed to consult sampling theory criteria such as `e�ciency', `unbiasedness', `consistency',`su�ciency', `uniform convergence', or `minimum variance' | desiderata which can oftenbe mutually con
icting! We simply write down the conditional assumptions that we aremaking (for example the data that have occurred), and the propositions whose plausibilitieswe wish to infer, and evaluate P (PropositionjAssumptions) by using the sum and productrules of probability within the de�ned hypothesis space. The axioms on which probabilisticinference are based guarantee that inferences made in this way will be coherent.On the other hand, several de�ciencies arise from the constraint of a closed hypothesisspace. The central problem is that our Bayesian inferences are obtained assuming that thehypothesis space is right, but we have no Bayesian way of assessing whether our hypothesisspace is right, apart from coming up with alternative hypothesis spaces with which com-parisons can be made. Box and Tiao [13] share the view that `model criticism', an essentialpart of the modelling process, is not addressed by Bayesian inference.For example, the error bars discussed throughout this thesis are evaluated assumingthat the model is true. I do not think that any non{Bayesian procedures improve on this(orthodox con�dence intervals are identical to Bayesian error bars in the Gaussian case),but it is important to be aware that it is possible for the true interpolant to lie well outsidethe error bars assigned by a model, if that model is defective in some way. An example ofthis can be seen in �gure 2.4b, where the error bars fail to include a point that in fact wasnot an outlier. The Bayesian resolution of this is to examine other models; when the radial



CHAPTER 7. POSTSCRIPT 83basis function model in �gure 2.4 is replaced by a more probable neural network model(Table 2.1), the interpolant goes much closer to this data point (which is probably why theneural network model is more probable).A second defect of the closed hypothesis space assumption is discussed in Chapter 4.The expected information gain provided by a datum was de�ned, like the error bars, byassuming that the model is correct. In extreme cases this may lead to ludicrous results| distant data points may be evaluated as mutually informative because of a misleadinginterdependence in the model. In Chapter 5 it is shown that the mean marginal expectedinformation gain does seem to be marred by artifacts arising from the assumption that themodel is correct.Thirdly, Bayes' rule provides no mechanism for `alternative{free tests' of a hypothesisspace. This reservation about Bayesian methods has also been expressed by Lindley [45].Hard line Bayesians would retort that there is no such thing as an alternative{free test, andcertainly most classical alternative{free tests do have an implicit alternative. For example,a classical test of a parameter being zero has as an implicit alternative the hypothesis thatthe parameter has a value in an interval with a derivable prior width [47]. But I do believethat we perform alternative{free tests. Often, we become dissatis�ed with a theory becauseit seems to be making unusually poor predictions. This prompts us to start searching forsuperior theories. Without any alternative being more than very vaguely speci�ed, we areable to infer that something is wrong (as, for example, in chapter 3). Once we �nd a superioralternative, we can then come back and use Bayes' rule to reject the original theory; but theinitial decision to search for a new theory was alternative{free and could not be made withBayes' rule alone. Nor can Bayes' rule alone direct you towards new models. The inventionof hypothesis spaces remains a human's domain.Having recognised that Bayes' rule cannot perform the alternative{free inferences thatare part of the modelling process (the right{hand loop of �gure 1.1), I would end on a moreoptimistic note. I believe that Bayesian methods, together with traditional methods suchas cross{validation, yield a powerful tool for alternative{free hypothesis testing and newmodel formation. This was illustrated in Chapter 3, where the poor correlation betweenthe evidence and the test error highlighted an inconsistency in the model space; if one onlyused the test error (cross{validation) for model comparison, this opportunity for learningwould be lost; likewise, if only the Bayesian evidence were evaluated, we would be nonethe wiser. I think that Bayesians would do well to include similar alternative{free `warningbells' in their algorithms.7.2 For approximation, are probabilities relevant?The Bayesian approach to model comparison evaluates how probable alternative models aregiven the data. In �elds such as image reconstruction and NMR, this may be precisely theright thing to do. In contrast, in adaptive modelling, the real problem is often to estimatehow well each model is expected to generalise. We know perfectly well that the truth is notthat the data were generated by some neural network whose parameters we now wish toinfer! We know that all the models are false, so the Bayesian assessment of the relativeprobabilities of alternative parameterised models seems almost irrelevant to what we areinterested in, which is how well each of the models approximates. Really the Bayesiansolution to this task would be to use a model that we really believe in to infer what thetruth might be, then use decision theory to select from the false models the one that isexpected to minimse the appropriate cost function.



84 BAYESIAN METHODS FOR ADAPTIVE MODELSThe startling fact is that in spite of this, the evidence for the false models does seemto be well correlated with generalisation ability, when the model space is well{matched tothe problem (�gures 3.12 and 5.5). There are theories which attempt to directly predictgeneralisation ability, leading to Akaike's FPE criterion, and Moody's GPE [3, 54]. Butfor the toy problems I have studied, neither of these criteria has a better correlation withthe generalisation error than that achieved by the evidence. Theories based on the V{Cdimension lead to structural risk minimisation criteria [30], which seem better correlatedwith generalisation error. In fact, it is interesting that the form of Guyon et al.'s predictedgeneralisation error has scaling behaviour identical to that of the evidence!More work is called for on the relationship between the evidence, cross{validation andgeneralisation ability to understand these results.7.3 Having to make too much explicitStatistical problems that are precisely enough stated for the sampling theory school can betoo vague for a Bayesian [45]. When the Bayesian adds additional constraints to such aproblem to make it solveable, he comes under �re for making assumptions that may be, indetail, not justi�ed. `Order statistics' provide an example of such a problem.Imagine that we wish to infer the median of a density given N samples from it, withouta precise speci�cation of what type of density we are dealing with (in particular, we donot know the distribution is Gaussian). A Bayesian analysis would have to assume anexplicit parameterised form for the density (for example a free form density with a maxentprior), solve for the posterior distribution of the parameters, then marginalise over thatdistribution to get a posterior for the median of the density. I think that in principle this isthe right thing to do (and, to their credit, some Bayesians have shown that it can be done[16]), but it is an approach that involves introducing and then eliminating a large amountof irrelevant baggage (the explicit parameterised form for the density). The details of thisparameterisation will probably be hard to justify, and anyway the answer that we obtain isunlikely to depend sensitively on them. It seems unfortunate to have to introduce so muchexplicit and arbitrary detail in order to answer a simple question. Having said this, I shouldmake it clear that I am not advocating the orthodox sampling theory approach to orderstatistics; like most sampling theory procedures, order statistics are incoherent. It will beinteresting if Bayesian methods can be developed which avoid having to explicitly handledetailed parameterisations that are then marginalised away again. Perhaps Monte Carlomethods like Radford Neal's [55] are a step in this direction.7.4 An alternative interpretation of weight decayGeo� Hinton (personal communication) has suggested an alternative view of mixture weightdecay. The decay mechanism is still viewed as implementing prior knowledge, but not theliteral prior that says the wi are modelled as coming from a mixture of Gaussians. Rather,our real prior assumption is that a fraction of the weights ought to be exactly zero. Thusthe true width of the component at the origin ought to be zero; it is only set to a non{zerovalue as a computational arti�ce. This view, that weight decay is intended to switch o�weights, is apparently shared by other workers [39, 87].Under this interpretation, there is no reason to suppose that the Bayesian choice of thewidth of this component should be appropriate.1 (The width of the other broad compo-1All the same, Nowlan and Hinton have applied the Bayesian procedure to networks predicting sunspot



CHAPTER 7. POSTSCRIPT 85nent(s) of the mixture distribution should still be inferred using Bayesian methods.) It willbe interesting to see if this interpretation can be formalised, leading to an alternative well{founded procedure for setting the parameters of a zero mixture. This would also necessitatechanges in the evaluation of the evidence.7.5 Future tasks, open problemsMore expensive evidence calculations, cheaper Hessian calculationsThe Bayesian calculations throughout this thesis all depend on the inverse Hessian A�1,under the Gaussian approximation. There are two directions for further work. In the moreexpensive direction, we can ask how to make the Bayesian calculations more accurate byimproving on the Gaussian approximation, by the use of Monte Carlo methods, for example.In addition, methods for integrating over regularisation constants need to be developed,rather than �xing those constants to their most probable values. These are questions thatSkilling and Sibisi (personal communication) are working on.In the cheaper direction, we can ask how to make the Hessian calculations more approx-imate and more e�cient so as to reduce the cost of these calculations. I hope to investigatestatistical methods for reducing the O(Nk2)+O(k3) calculation of properties of A�1 toO(k2) or less time.Noisy input variablesThe tasks of interpolation and classi�cation given noisy input variables has yet to be inte-grated into the evidence framework.Missing dataImagine that we are asked to interpolate a data setD = fx; tg, in which some of the elementsx are incomplete, lacking a speci�cation of some of their components. The interpolationframework described in this thesis cannot handle this case because the density over x is notmodelled. It is an open problem to �nd a simple, well-de�ned way to integrate data withmissing components into these interpolation models.This problem has much in common with the task of combining unlabelled data with dis-criminative training. In discriminative training we adapt a classi�er that models P (tjx;w;H)to a data set D1 = fx; tg; now if additional unlabelled data D2 = fxg is available, it islikely to provide useful information, if we assume some sort of density over x. The reasonthat we are reluctant to specify such a density over x in speech recognition, however, isbecause that is where we have come from | discriminative training is used instead of fullprobabilistic modelling because it obtains better performance from poor models. Ideallywe would like to be able to develop superior word models but what if we are stuck with aparticular model space, either because of computational constraints or because of lack ofcreativity? Combining discriminative training with unlabelled data seems to me to be oneof the current frontiers of Bayesian methods.time series, and obtained better performance than any published model [58].



86 BAYESIAN METHODS FOR ADAPTIVE MODELSOther applicationsThe concepts of Bayesian data modelling described in this thesis have great generalityand should be relevant to any experimental scientist. Example applications include thefollowing:Speech recognition: automated control of hidden Markov model structureIn speech recognition, selection between alternative models for a single word could bemade using the evidence, and the concept of moderation (i.e., incorporation of errorbar information) is expected to be useful when �tting a model to utterances.Point source image reconstructionWhen estimating point sources in an astronomical image, Occam's razor is needed toavoid �tting too many stars to the image.Neurophysiology: multi{neuron recordingThe task is to infer the activities of multiple neurons in a piece of brain tissue fromthe signals in an array of recording electrodes. This will require development of non{parametric Bayesian methods.Density estimationThe evidence could be evaluated for the problem of choosing the number of Gaus-sians in a mixture model, and the problem of choosing between Gaussian models andmore `robust' clustering models. The latter problem would also be relevant to regres-sion problems where non{Gaussian noise models are thought appropriate; a de�nitiveBayesian attack on the problem of inferring a slightly non{Gaussian distribution hasbeen made by Box and Tiao [10, 12].Further applications in neural networksIt remains to be investigated whether these methods scale up to real, larger problems.Also this framework has yet to be applied to more sophisticated regularisers such asthe mixture decay models of Hinton and Nowlan [57].The power and unifying perspective of Bayesian methods are becoming more widely ap-preciated. This thesis has demonstrated their utility for adaptive models such as neuralnetworks. There are thousands more data modelling tasks waiting for the `evidence' to beevaluated. It will be exciting to see how much we can learn when this is done.
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